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Preface 


During the past two decades considerable empha- 
sis has been placed upon the meaningful teaching of arithmetic, 
This approach to teaching received its original impetus from 
psychologists who were proving the advantages of learning 
with understanding as opposed to learning by isolated drill. 
Much progress has been made in identifying the concepts, prin- 
ciples, relationships, and generalizations essential to the mean- 
ingful learning of airthmetic, In spite of these gains, there has 
been a wide gap between what is known about learning theory 
and what is being applied in the teaching of arithmetic, 

The revolution now taking place in elementary school mathe- 
matics has progressed so rapidly that there is a real danger that 
the meaningful approach to teaching may be disregarded or 
greatly altered. The process of meshing the old with the new 
becomes an important problem to all who work with or who 
are concerned about the teaching of arithmetic. 

This book has as its major purpose the identification of valid 
techniques to evaluate meaningful teaching and learning of 
both traditional and modern elementary school mathematics 
programs. For those individuals who do not understand the . 
meaningful approach to teaching, a brief historical treatment 
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and review of research studies supporting this approach have 
been provided. i 

A major difficulty in the evaluation of meaningful teaching 
in the past has been the dearth of suitable tests. The author has 
prepared tests to measure the major arithmetic understandings 
taught in grades three through six. These tests have been ap- 
plied in several typical school districts and the results used to 
show various methods of interpretation of data. Practical appli- 
cations of evaluation procedures in the classroom have been 
given to encourage teachers to begin comprehensive evaluation 
work. If the teacher tries new ways to evaluate pupil under- 
standing of the new mathematical concepts introduced into 
the elementary school curriculum, there is a good chance that 


the teacher will keep pace with these modern developments 
in mathematics. 


A number of graduate students and colleagues at the Uni- 
versity of California have influenced the preparation of this 
book. My appreciation is expressed to all of those students in 
graduate seminars who helped criticize test items and who 
assisted in the administration of tests in the school districts 
reported on in Chapter IV. To my office staf much credit is 
due for typing and handling of numerous details involved in 
working with the whole project. I am especially thankful to 
my wife, who has been proofreader, typist, critic, and sympa- 
thetic advisor during the preparation of the entire manuscript. 


W. H. D. 
Westwood, California 
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Modern Programs in 
Elementary School Mathematics 


No other educational problem is receiving as much 
attention as the new mathematics curricula. We are, in fact, 
in the midst of a revolution which began after World War II 
and which is assuming amazing proportions today. Persistent 
problems relating to the kind and amount of mathematics to 
be taught in the elementary school have been accentuated. 
Problems pertaining to the teaching of arithmetic have been 
created by the introduction of new mathematical content and 
recent interpretations of the meaning theory. Because of rapid 
developments within the field of mathematics and the rapidity 
of change within our culture, it is not clear what the content 
or methods will be a few years from now. Thus the need for 
pupils and teachers to learn mathematical concepts thoroughly 
and to be able to adjust to additional changes in application 
and methods in the future seems paramount. 


PURPOSE OF THIS BOOK 
This book has been written to supply data which will guide 


professional educators and mathematicians in the preparation 
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of new mathematics curricula. The application of valid evalua- 
tion procedures to both old and new mathematical programs 
has been emphasized as the most important problem facing 
curriculum workers. The main purpose of this book is the pres- 
entation of evaluation instruments and the suggested use of 
evaluation techniques in teaching and curriculum improve- 
ment work. 

This chapter includes reasons for the new mathematics, his- 
torical backgrounds, and a statement of problem areas. 


REASONS FOR NEW MATHEMATICS 


There are four major reasons for changes which are taking 
place in the new mathematics curricula. 


1. The first reason for change has been the new discoveries in mathe- 
matics and science. Research mathematicians have developed more 
new mathematics in the past thirty years than has been developed in 
the rest of the history of this discipline. Some of the new fields are: 
linear programming, theory of games, applications of set theory, 
application of probability theory to such fields as traffic flow and 
communications, and mathematics for space flight. In addition to the 
utility in mathematics, theoretical mathematicians are making tre- 
mendous advancements in pure mathematics. 

2. A second reason for the new mathematics has been the demands from 
all aspects of American life for professional mathematicians, mathe- 
matically trained scientists, and mathematically skilled personnel in 
hundreds of occupations. 

3. The new industrial revolution, caused largely by discoveries in mathe- 
matics and science, is the third reason for more and new mathematics. 
Automation alone demands many thousands of mathematically trained 
men and women to use digital computers. As machines take over the 


work done by unskilled labor, the demand for mathematically edu- 
cated personnel increases. 


. Finally, vast sums of money are being spent on the writing of mathe- 
matical materials for classroom use and in the developing of new 
teaching procedures. These projects are being financed with funds 
from the government, private foundations, and the publishing indus- 
try. Some of the organizations which have given financial assistance 
are: The National Science Foundation; Carnegie Corporation; Depart- 
ment of Health, Education, and Welfare; and research branches of 


Modern Programs in Elementary School Mathematics 3 


military and industrial organizations. Projects funded by these groups 

have been established throughout the nation, including the School 

Mathematics Study Group, the University of Illinois Committee on 

School Mathematics, the University of Illinois Arithmetic Project, the 

Minnesota School Mathematics Center, the University of Maryland 

Mathematics Program, Stanford Projects, and many others. 

These four causes of the new mathematics have made this 
discipline the fastest growing and most drastically changing of 
all the sciences. This rapid growth has created many interest- 
ing yet perplexing problems which will demand solutions if 
the new mathematics is to continue growing and contributing 
to the mathematical needs of our nation. 


HISTORICAL BACKGROUNDS 


In order to understand the confusion which surrounds the 
acceptance or rejection of the new mathematics,’ one must be 
familiar with the historical backgrounds of arithmetic in the 
elementary schools of the United States. Four major periods in 
the development of arithmetic teaching, including the new 
mathematics, will be identified. Vestiges of the first three 
periods are still found in current practice today and constitute 
areas of friction and disagreement which hinder the growth of 
new mathematical programs. 


The drill theory 


Before 1900 nearly all teaching in the elementary school was 
done by the use of drill. Arithmetic was hard for many chil- 
dren because textbooks were cluttered with difficult and often 


1 Throughout this book the word mathematics has been used to cover measure- 
ment, properties, and relations of quantities, including arithmetic, geometry, 
algebra, and other aspects included in the new programs. Arithmetic is used to 
describe the art of computation with numerals—the elementary aspects of 
mathematics. Elementary school mathematics will become the preferred term 
to describe modern programs. 
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meaningless problems. The drill theory of teaching was con- 
sistent with the prevailing purpose of education. The doctrine 
of Formal Discipline, that learning consisted of training special 
faculties of the mind, prevailed. The main purpose of education 
according to a formal disciplinist was to train the faculties 
such as memory, reasoning, and will. Faculties could be 
strengthened by exercise. The most difficult subjects (Latin, 
Greek, mathematics) were also the most desirable subjects in 
the curriculum because they provided the most exercise. 

An attack against the doctrine of Formal Discipline had been 
launched by William James in his Principles of Psychology in 
1890. By the turn of the twentieth century, Edward L. Thom- 
dike and Calvin Woodward began making direct measures of 
transfer effect that proved fatal to formal discipline theories. 
They found that no learning activity has any great mental 
disciplining power. There is no such thing as a general transfer 
of training. 

Experimental interest in drill in arithmetic began shortly 
after the turn of the twentieth century and probably reached 
its peak by 1920. Edward L. Thorndike was the leading worker 
in this field and advanced the theory that for every situation 
or stimulus there is a particular response—the two being asso- 
ciated or tied together by a specific bond (S—R). These theo- 
ries, pertaining to drill and learning in general, were applied 
to the teaching of arithmetic. Arithmetic abilities were thought 
of as numerous specific skills which could be learned best by 
the application of drill exercises. 

Instructional programs in arithmetic were organized so that 
children would learn all number facts as the basis for efficient 
work in arithmetic. Number work was systematically presented 
at each grade level by the use of a textbook. Artificial, rigid 
standards were set for each class. All children were expected 
to work up to the standard set for the grade. This, of course, 
made arithmetic very difficult for the lowest one-third of the 
class. The average or middle group found the work close to 
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their ability level. However, the bright children (the top one- 
third) were seldom challenged by this type of program. 

During the late 1920’s the Field Theories of learning, stem- 
ming from the Gestalt psychology, challenged Thorndike’s laws 
of exercise and effect and brought to a close the heavy em- 
phasis upon drill. The Gestalt school of psychology stressed 
the total organization of learning and the systematic arrange- 
ment of the whole rather than the individual elements. The 
whole must be conceived as more than the mere sum of the 
parts. Understanding the number system, stress upon problem- 
solving, and drill after understanding of specific facts were 
part of a new learning theory. 

Unfortunately there are numerous traditional teachers who 
still cling to the outmoded drill theory of teaching. For them 
the textbook is still considered the main instructional aid, and 
children are expected to master the content within the text- 
book regardless of individual differences. The drill method of 
teaching also receives support from parents who were taught 
by this method and who are frustrated by the new mathematics 
which they can not understand. 


Social aspects of arithmetic 


Several forces are responsible for the attempts to prune use- 
less and obsolete materal from the arithmetic curriculum dur- 
ing the period from 1890 to 1930 and for attempts to stress the 
social aspects of arithmetic. During the years when formal dis- 
cipline was the accepted educational philosophy, textbooks 
became cluttered with much difficult and abstract content. 

The Child Study Movement, which was started by G. Stan- 
ley Hall shortly after 1880 and reached its height as an educa- 
tional movement by 1920, provided much information about 
the needs of children—including arithmetic. 

National committees—the Committee of Ten on Secondary 
School Studies in 1893 and the Committee of Fifteen on Ele- 
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mentary Education in 1895—recommended that obsolete and 
impractical aspects of the arithmetic curriculum be eliminated 
from the elementary school curriculum. 

Shortly after the turn of the twentieth century, educators 
strove to find some method to determine the content for the 
arithmetic curriculum. Studies were made of the arithmetic 
used by adults in their vocational and nonvocational daily ac- 
tivities. This approach became known as the social utility 
method. This theory held that arithmetic content should have 
a clear relationship to life needs of adults. Evidence gathered 
by questionnaire studies of arithmetic used in many vocations 
revealed that cube root, abstract mensuration, square root, 
complex fractions with denominators larger than eighths or 
sixteenths, and much of the commercial arithmetic could be 
deleted from the elementary school curriculum. In addition to 
reducing the content of the arithmetic curriculum, the social 
utility movement also established beyond any doubt the fact 
that arithmetic had a social aim. Arithmetic was assured of a 
place in the elementary school curriculum because of its contri- 
bution to effective, intelligent daily living. 

The Child Study Movement branched off into several other 
educational movements after 1925. A large part of the move- 
ment was absorbed by the Progressive Education Movement 
which was founded in 1925, Through the twenty-five or thirty 
private schools which constituted the beginning of the Progres- 
sive Education Movement, two other phases of the social as- 
pects of arithmetic had their beginnings: (1) the incidental 
program and (2) arithmetic taught as an integrated part of 
other subjects. These two phases have a direct bearing upon 
philosophical principles held by some kindergarten and pri- 
mary-grade teachers today. 

The incidental program was based upon the assumption that 
children have social needs for arithmetic in their daily living. 
Children will continue to find arithmetic a part of their normal 
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work after entering school, according to this theory. Having 
had some use for number in pre-school activities, provision 
was made for informal mathematical experiences whenever 
there was a need for quantitative thinking. Teachers who fa- 
vored this program for kindergarten or first grade believed 
that many children were too immature for systematic in- 
struction. They also believed that instruction was wasteful 
when given before children were ready for it. Some ill effects 
from forcing children to learn before they were ready or from 
imposing burdensome work upon children would result in 
emotional blocking and dislike for mathematics or even school- 
ing in general. 

This type of incidental teaching was commonly found in the 
kindergarten. Some private schools and experimental schools 
used incidental teaching of arithmetic in primary grades (K-3). 
The theories were not implemented in public schools. Closely 
associated to the incidental approach to the teaching of arith- 
metic in primary grades was the informal but planned pro- 
gram. Children were taught to use arithmetic as they worked 
on social studies units dealing with the grocery store, post 
office, or dairy. In this program there was conscious exploita- 
tion of all kinds of situations which occur daily in an elemen- 
tary school well organized for teaching arithmetic. 

Three forces were at work to challenge the social aspects of 
arithmetic: (1) advancement in the field of child growth and 
development pointed out the necessity for developmental, con- 
tinuous learning of new skills (53); (2) leading educators like 
Paul Hanna (41) were discovering the gaps in the learning of 
arithmetic by the incidental and informal approach; and (3) 
educational psychologists led by William A. Brownell (6) 
were proving that meaningful learning of arithmetic was based 
upon understanding the structure of the number system. The 
incidental learning theories, while still useful, were displaced 
by the meaningful approach to the teaching of arithmetic. 
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The meaningful arithmetic program 


Interest in the mathematical aspects of arithmetic, rather 
than the incidental or social phases, initiated the meaningful 
approach to the teaching of arithmetic. This program, which 
began about 1930, is the popular movement today. Advocates 
of this approach stressed learning with understanding as con- 
trasted to learning by drill or by examples without understand- 
ing. Arithmetic was viewed as a system of understandable 
ideas, principles, and processes. The basic idea in this ap- 
proach was to help children develop the ability to do quanti- 
tative thinking and to understand the mathematical and 
practical aspects of arithmetic. The meaningful approach to 
teaching arithmetic received its original impetus from psy- 
chologists who were proving advantages of learning with un- 
derstanding instead of learning by isolated drill. William A. 
Brownell, one of the outstanding advocates of meaningful 
teaching, has identified four aspects of meaningful arithmetic: 
(1) basic number concepts, (2) fundamental operations, (3) 
important principles, relationships, and generalizations, and 
(4) the understanding of our decimal number system (9), 

Brownell pointed out that, from the standpoint of the 


compared to teaching arithmetic by listening to memorized 
facts and by administering mechanical drill, 


The advantages of meaningful arithmetic to the pupil, ac- 
cording to Brownell (9), are: 


l. Gives assurance of retention. 


2. Equips the pupil with the means to rehabilitate quickly skills that 
are temporarily weak. 


3. Increases the likelihood that arithmetic ideas and skills will be used. 


4. Contributes to ease of learning by providing a sound foundation and 
transferable understandings. 
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5. Reduces the amount of repetitive practice necessary to complete 
learning. 
6. Safeguards the pupil from answers that are mathematically absurd. 


7. Encourages learning by problem-solving in place of unintelligent 
memorization and practice. 


8. Provides the pupil with a versatility of attack which enables him to 
substitute equally effective procedures for procedures normally used 
but not available at the time. 


9. Makes the pupil relatively independent so that he faces new quanti- 
tative situations with confidence. 


10. Presents the subject in a way which makes it worthy of respect. 


Meaningful teaching of arithmetic is dependent upon a well- 
prepared teacher who understands the structure of our number 
system and who is well versed in modern principles of learning. 
The classroom organization must provide for a stimulating en- 
vironment where children can discover the meanings and ap- 
plications of arithmetic according to their ability. Grouping 
within the class and careful planning of course content must 
be provided. Drill, which was so important in the traditional 
program, still has a place (along with suitable practice) but 
follows understanding of each new step. Incidental teaching, 
too, has a place when the teacher recognizes that mathematics 
has a distinct contribution to make to the solution of problems 
in other school subjects such as science, social studies, or 
English. 


The new mathematics program 


The causes of the new mathematics have been discussed 
earlier in this chapter. In this section the historical back- 
grounds of elementary school arithmetic will be extended to 
include the changes in the elementary school program recom- 
mended by the leaders of the new mathematics. 

The experimental programs such as the School Mathematics 
Study Group (S.M.S.G.), the University of Illinois Arithmetic 
Project, and the University of Maryland Mathematics Project 
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have provided the laboratories for preparing instructional ma- 
terials and the education of a corps of teachers for the new 
mathematics program. Each experimental center has provided 
some type of institute or summer session for the writing of 
instructional materials. These new mathematical materials have 
been used in public schools which have agreed to work with 
particular projects. The S.M.S.G. materials, for example, have 
undergone several rewritings and have been used in a large 
number of schools. 

Publicity for the new mathematics has been provided by the 
National Council of Teachers of Mathematics and their af- 
filiated state organizations. For the past five years leaders of 
experimental programs have reported regularly to state and 
national meetings of the Council and in many instances have 
provided teaching demonstrations using new methods and 
materials. Local newspapers and educational journals have 
given an unusually large amount of space to developments 
within this area. The Christian Science Monitor, as one ex- 
ample, carried a series of articles for ten weeks on “The ‘New 
Math: What Is It? Who Should Study It?” (21). The mathema- 
ticians have indeed had a favorable climate in which to de- 
velop and gain acceptance of improvements in mathematics, 

Contrary to the statements of leading mathematicians work- 
ing with the new mathematics, there has been considerable 
confusion over what constituted the “new program.” Each ex- 
perimental center has emphasized some particular aspect, for 
example: the Greater Cleveland Mathematics Program em- 
phasized helping children discover mathematical relationships 
and covered new aspects along with the traditional mathe- 
matical material; the Madison Project of Webster College and 
Syracuse University worked on supplementary material for 
junior high school grades and then extended their work to 
include elementary grades; San Diego Metropolitan Educa- 
tional Study Council concentrated on extending the arithmetic 
program for advanced pupils in grades 3-6; the School Mathe- 


Modern Programs in Elementary School Mathematics Il 


matics Study Group covered most of the new strands with 
some emphasis upon a developmental program; and the Uni- 
versity of Illinois Arithmetic Project worked to assist teachers 
to present basic mathematical ideas to pupils in an exciting 
and interesting fashion—including extensive use of the number 
line. . f 

Gradually during the past two or three years there has been 
some agreement upon unifying themes or strands involved in 
the new mathematics. There has been considerable agreement 
that mathematics programs at all levels of public education 
should stress the meaningful approach to learning and should 
be focused on basic concepts underlying mathematics. 

Textbook publishers have been more confused than the 
mathematicians. While some companies have introduced con- 
siderable new mathematics into their traditional textbooks, 
most publishers have had to wait until some agreement could 
be reached by mathematicians and educators on what content 
should be included in textbooks for children. The state of 
California has just recently provided guidelines for the adop- 
tion of new arithmetic textbooks for 1965. 

The California Curriculum Commissions Advisory Commit- 
tee on Mathematics had identified the cultural changes in re- 
cent years which necessitate a new approach to the teaching 
of mathematics. These changes involve a new emphasis upon 
content, introduction of new topics, and a new method of in- 
struction. Pupils are encouraged, according to this committee, 
to make conjectures and guesses, to experiment, to formulate 
hypotheses, and to understand (18). 

Topics in the mathematics curriculum for kindergarten 
through grade eight have been designated as: numbers and 
operations, geometry, measurement, and applications. Also the 
Committee recommended a planned and conscious develop- 
ment of strands which contribute to clarity, precision, and 
economy. These strands are: sets, functions, logic, and mathe- 
matical sentences. These topics and strands are the same as 
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those developed at the national level by the National Council 
of Mathematics Teachers. Variations will occur, however, in 
the interpretation and breakdown of each large topic or strand 
for instructional purposes. 

Changes recommended for elementary schools. The desire 
to teach more mathematics in the elementary school has 
prompted mathematicians to recommend introducing simple 
algebra and geometry at appropriate times throughout the ele- 
mentary school program. For example, when a child learns 
4+5=9, he can learn one fundamental postulate—the cum- 
mutative law, a+b=b-+a. In adding 4+5=9 we can 
also add 5 + 4 = 9. The child discovers these laws as he learns 
his primary facts. In column addition such as: 


3 
2 
4 


he learns that one can add either up or down the column and 
get the same result. Thus, (3+2)+4 = (442)+43, This proc- 
ess involves the commutative and associative laws. Simple 
principles of geometry are introduced as children work with 
geometrical figures. Arithmetic taught from an algebraic ap- 
proach deepens understanding of the properties of numbers 
and prepares children for the algebra which will come later in 
the school program. Less time will probably be spent on appli- 
cations of mathematics. Greater stress will be placed upon 
underlying principles. The purpose is to educate the pupil so 
that he understands the basic principles and can make what- 
ever applications are necessary for his time. 

Some old topics will be restored to the program such as 
factoring, least common multiple, and greatest common factor. 
These topics are involved in fundamental properties of the 
number system and in connection with literal expressions m 


algebra. 


New topics will include: numeral systems to different bases, 
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such as base two (binary); inequalities; simple language of set 
theory; and new terminology to sharpen mathematical think- 
ing such as ray, half-line, multiplicative, numeral, and set. 
Some words will be eliminated. Multiplier and multiplicand 
will be replaced by one word, factor, because the product of 
two numbers is the same regardless of the order in which they 
are multiplied. Mathematical sentences such as 3+ 4 = ?, 
? + 5 = 12, or A + O = 10 will be used. The symbols (A 
and [ used above) indicate different unknown numbers. 

In methodology, emphasis is placed upon discovery and in- 
tuitive thinking. The primary aim of all teaching of the new 
mathematics is to help children understand the fundamental 
structure of mathematics and methods of mathematical rea- 
soning. 

During the next decade there will be continuous experi- 
mentation and development of new mathematical programs. 
No one program will replace the basic arithmetical processes 
now taught in public schools. There will be, however, many 
attempts to add the many new strands just discussed in this 
section to existing programs. 


PROBLEM AREAS 


The reasons for the revolution in mathematics and an his- 
torical background for understanding the confusion surround- 
ing the introduction of new mathematics programs have been 
briefly described. The purpose for so doing has been to point 
out problem areas which must be dealt with in curriculum 
planning, teaching procedures, preparation and use of instruc- 
tional materials, and the education of teachers for the new 
mathematics program. These problems are: 

1. The new mathematics and the purposes of elementary 
education. The need for new mathematics is based upon new 
content, demand for mathematically educated personnel in all 
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aspects of American life, and the necessity to educate more 
mathematicians and scientists for the space age. How does this 
need fit into the purposes of the elementary school? Are all 
elementary school children capable of learning the new mathe- 
matics? If elementary children can learn the new mathematics, 
how much should they be asked to learn in terms of efficient 
instruction and in terms of the needs and capacities of chil- - 
dren? What is the most appropriate mathematical content for 
elementary school children? 

2. Teacher preparation and the new mathematics. There are 
many traditionally oriented teachers in public schools, col- 
leges, and universities who cling to outmoded methods of 
teaching (particularly the drill theory of teaching), Many do 
not have an adequate understanding of the structure of our 
number system. How should these teachers be re-educated 
so that they can teach the new mathematics? Since public edu- 
cation is dependent upon the financial and moral support from 
every community, how can parents and lay people be re-edu- 
cated to support the new mathematics? 

3. Relationship of new mathematics to other school subjects. 
Historically, a few elementary schools taught arithmetic by an 
incidental approach or through planned classroom activities 
connected with other subjects. These approaches were con- 
fined to the kindergarten and to some private experimental 
schools which had a delayed arithmetic program for primary 
grades. How much mathematics should be taught as integrated 
parts of other school subjects such as social studies or science? 
If less time is spent on applications of mathematics during the 
regular instructional time, should planned social aspects of 
mathematics be provided for in connection with instruction in 
other subjects? 

4. Learning theories and the new mathematics. The mean- 
ingful approach to the teaching of arithmetic grew out of an 
interest in the mathematical aspects of arithmetic. The mean- 
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ingful approach to teaching received its original impetus from 
psychologists who were proving advantages of learning with 
understanding instead of learning by isolated drill. How can 
leading educational psychologists be utilized more advan- 
tageously in the new mathematical revolution? How can top 
mathematicians be assisted in their understanding of basic 
theories of learning which have been used in the teaching of 
arithmetic for many years? How can modern principles of 
learning theory be presented to elementary school teachers so 
that the quality of instruction in mathematics will be improved? 

5. Dearth of evaluative instruments for new mathematics. 
The main aspects of meaningful arithmetic (concepts, opera- 
tions, principles, our decimal system) have been identified. 
Considerable research work and experimentation with teach- 
ing procedures has been carried out in attempts to develop 
appropriate teaching materials and methods to advance the 
meaningful approach. What are some techniques which can 
be used to evaluate pupil understanding of arithmetic? Why 
has there been such a dearth of tests to measure pupil and 
teacher understanding of arithmetical concepts? 


ORGANIZATION OF BOOK 


A critical review of research reports, supplemented by new 
data collected by the writer, will be given in Chapters IT and 
III. The development of evaluation instruments to measure 
pupil understanding of basic arithmetical concepts are in- 
cluded in Chapter IV. The writer’s point of view on the basic 
problems identified in Chapter I is given in Chapter V. Chapter 
VI is devoted to a bibliography of significant research and 
writing in the field of elementary school mathematics. Tests 
to evaluate pupil understanding of basic arithmetical concepts 
for grades three through six have been included in the 


appendix. 
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NOTES AND PROBLEMS 


. In 1960 the National Council of Teachers of Mathematics, with 
financial support from the National Science Foundation, held 
eight Regional Orientation Conferences in Mathematics in vari- 
ous parts of the United States. These conferences provided in- 
formation for administrators and supervisors on new mathematics 
programs. The results of these conferences are reported in the 
following pamphlet: National Council of Teachers of Mathe- 
matics. The Revolution in School Mathematics. Washington, 
D.C.: The Council, 1961, pp. 1-90. 


. For a quick overview of historical backgrounds of arithmetic, 
read: W. S. Monroe, ed. “Arithmetic,” Encyclopedia of Educa- 
tional Research. New York: The Macmillan Company, 1950. 


. A classic for all who are interested in primary-grade arithmetic 
is William C. Brownell’s Arithmetic in Grades I and II. Durham, 
North Carolina: Duke University Press, 1941. 


- One of the recent textbooks (Eileen M. Churchill. Counting and 
Measuring. Toronto: University of Toronto Press, 1961) pre- 
sents mathematics as a language. She shows how to translate a 
concrete numerical problem into the symbolic language of 
calculation. Do you see any connection between this approach 
and the teaching of introductory work in algebra? 


. If new mathematical programs are being used in elementary 


schools accessible to you, try to secure information on the type 
of evaluation instruments used, 


i 


Pupil Understanding of 
Arithmetic (Review of Research) 


INTRODUCTION 


Keeping abreast of modern developments, during 
the last quarter of a century, has been difficult for many edu- 
cators and mathematicians associated with or responsible for 
the teaching of elementary school mathematics. The major 
contributions made in the teaching of arithmetic during the 
past twenty-five years have been the defining of the concept 
of meaningful learning and the carrying out of adequate re- 
search to support this development. These developments have 
been evolutionary in nature and have resulted in gradual 
modifications. 

Since about 1958, moreover, the re-examination of teaching 
methods, the rewriting of textbooks, the introduction of new 
mathematics, and the search for new methods of teaching have 
had truly revolutionary results because of the scope of the 
changes advocated and the rapidity with which experimental 
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programs have been introduced. The success of the revolution 
now in progress will be dependent upon wise utilization of 
what has already been accomplished and upon the extent to 
which new innovations can be implemented in the elementary 
school program. 

A brief discussion of philosophical and psychological aspects 
of learning will now be given as a foundation for the review of 
pertinent research dealing with meaningful instruction in 
arithmetic. 


PHILOSOPHICAL AND PSYCHOLOGICAL 
CONSIDERATIONS 


Social aspects 


The revolution taking place in the field of mathematics iden- 
tifies and accentuates the social aspects of education. In the 
first place, pupils enrolled in our schools need to learn more 
mathematics than in any other period of history. This learning 
can not be gained except by concerted effort of pupils and the 
schools. Secondly, mathematical education involves a blend- 
ing of knowledge and culture of the past with the new subject 
matter of modern mathematics. This, too, is a function of the 
school. The way educational experiences are presented to 
children, in order to avoid confusion and to provide efficiency 
of instructional practices, represents a third aspect of the rela- 
tion of the school to society. But there remains a fourth aspect, 
perhaps the most important of all. The school must make value 
judgments about the kind and amount of education to be 
provided for children. Certainly children need a balanced 
mathematical education which will enable them to live and 
learn in our culture. They must also be assured that the es- 
sential spirit of democracy is achieved through the methods 
and content provided for them. 
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The pupil 


From the vast amount of research in the area of child devel- 
opment has come information necessary for directing pupil í 
learning in elementary school mathematics (81). Develop- 
ment has to do with the sequence of related changes in a 
pupil from his origin to maturity. As this process takes place, 
the pupil advances to a higher degree of differentiation and 
complexity. Certain principles of child development have been 
listed by educators, psychologists, pediatricians, and others who 
work in many fields of study. These principles are important 
to all who are interested in mathematical education: 

1. Readiness for learning is determined by the growth of the child as a 


whole. The child’s response to instruction is strongly influenced by his 
level of development. 

2. The child acts and learns as a whole. Intellectual, physical, emotional, 

and social development must be considered. 

. Mental, physical, social, and emotional traits develop at different rates 

according to a unique pattern for each child. 

. Development is continuous and is influenced by the interaction of 

heredity and environment. 

5. There are differences within and among individuals. Not only do the 
rates of development of different children vary but each pupil’s rate 
may vary from one time to another. Differences within an individual 
are more than half as great as differences among children. 

6. There are many acceptable (normal range) patterns of behavior at 

each age level. 

Emotions influence mental and physical reactions and activities. 

Although there are many sex differences, children are also alike in 

many ways. 

Although all of these principles are important, the recogni- 

tion of individual differences and the provision for these dif- 

ferences is probably the most challenging problem facing the 
modern mathematics program. 
In addition to these principles, which are physical and psy- 
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chological in nature, there are other basic principles which are 
mainly sociological. These are major tasks faced by all indi- 
viduals in our particular society. They have been called “de- 
velopmental tasks.” For example: (1) children are expected to 
develop certain physical skills needed for ordinary games; (2) 
wholesome attitudes toward self have to be learned; (3) one 
learns to get along with age-mates; (4) masculine and femi- 
nine social roles must be learned; (5) fundamental skills in 
mathematics, reading, writing have to be leamed; (6) scales 
of values for morality must be acquired; and (7) attitudes 
toward social groups and institutions have to be learned. Right 


Objectives 


Many good statements of educational objectives have been 
prepared by commissions and school systems. One such state- 


purposes are made explicit under four 
objectives of self-realization, (2) objec- 


à onships, (3) objectives of economic effi- 
ciency, and (4) objectives of civic res 


for the mathematics program are includ 


prepared by educators and 
school or community, 


In the Twenty-Sixth Yearbook of the National Council of 
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Teachers of Mathematics, a statement of objectives for mathe- 
matics has been given. It points out the importance of objec- 
tives to the total educational program and to the evaluation 
process. 
. . . Many sets of objectives may be developed; there is no 
commonly accepted list. We hope that the reporting of our 
list . . . will not suggest that these objectives are official or 
complete or the best or the final ones . . . in order to have a 
framework or reference, a sample list of objectives is pre- 
sented, o ss 


The student should: 
have a knowledge and understanding of mathematical 
processes, facts, concepts; 
have skill in computing with understanding, accuracy, and 
efficiency; 
have the ability to use a general problem-solving technique; 
understand the logical structure of mathematics and the 
nature of proof; 
use mathematical concepts and processes to discover new 
generalizations and applications; 
recognize and appreciate the role of mathematics in society; 
develop study habits for independent progress in mathe- 
matics; 
develop reading skill and vocabulary essential for progress 
in mathematics; 
demonstrate such mental traits as creativity, imagination, 
curiosity, and visualization; 
develop attitudes that lead to appreciation, confidence, 
respect, initiative, and independence (77). 

Obviously, other objectives dealing with specific aspects of 
instruction in mathematics could be added to this list. The use 
of objectives in the evaluative process will be discussed in the 
next chapter. 
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Theories of learning 


Principles of learning have grown out of the study of three 
main theories: association, conditioning, and field psychologies. 
Each of these psychologies of learning has an explanation 
of the way the learner proceeds from a need to the achieve- 
ment of a goal. While a number of points of conflict exist be- 
tween these theories, there are also areas of agreement and 
contributions made by each theory. By studying these theories 
of learning and by reading interpretations of these theories for 
the learning of mathematics (80), teachers can derive a set 
of principles to direct their teaching. 

Learning, based upon modern theories, would stress prob- 
lem-solving and effective thinking. The role of the teacher 
would be to help each pupil examine new learning experiences 
and to discover the problem or problems to be solved. The 
learner would collect data, make hypotheses, develop a theory, 
and finally attempt to verify the theory. Modern theories of 
learning include: provision for individual differences, greater 
freedom of activity, learning through experience, meaningful 
acquisition of skills, and making the most of educational op- 
portunities now as well as preparing for future living. 

Learning principles appropriate for modern mathematical 
education follow. 

Thus, learning: 


1. Involves progressive ch 
toward acceptable goals 


2. Takes place best when 
a satisfying solution. 
3. Is a function of motive and takes place when there is a need, drive, 
or goal, the attainment of which will satisfy the motive. 
4. Is developmental with time one of its dimensions, 
. Involves a change in organization of behavior. 
6. Is a process—not a product. 


anges in an individual's behavior directed 
and influenced by experiences, 


there is a problem and the individual seeks 
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7. Is a function of readiness to learn. 
8. Involves transfer as an important aspect to be sought and directed. 


9. Has the development of meanings and understandings as the central 
problem involved in the process. 


10. Recognizes the relationships between the demands of the activity 
and the characteristics of the child in efficient learning of motor 
activities. 

The foundation areas just discussed provide the guide lines 
for new developments in elementary school mathematics. 
Since the major contributions made in the teaching of arith- 
metic during the past quarter of a century have been the 
defining of the concept of meaningful learning, sponsors of 
modern mathematical programs must make certain that these 
gains are not lost as new mathematical curricula are developed. 


RESEARCH ON LEARNING THEORY 


In this section, attention will be given to factors which are 
essential parts of the learning process—readiness, motivation, 
thinking, concept formation, and transfer. 


Readiness 


The basic idea involved in readiness is that an optimum time 
exists for beginning new learnings. To attempt instruction þe- 
fore the child is ready is laborious, wasteful, and often un- 
successful. Gradually, theories of readiness have been clarified 
and enlarged because of the continuing research work in child 
development and educational psychology. Readiness principles 
are considered an important aspect of learning involved in all 
elementary school subjects. Physical, emotional, social, and 
mental factors are included in readiness. Both general and 
specific maturation are important. Other factors influencing 
readiness for arithmetic and mathematics are: information, 
previous experiences with these subjects, attitudes, and abili- 
ties. 
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Readiness is important to this book in several ways. Are 
children who enter kindergarten or first grade ready for arith- 
metic? Do young children understand certain basic arithmeti- 
cal concepts so that they are ready for continued work and 
extension of these concepts? Do children need to understand 
the meaning and significance of arithmetic? 

Primary Grade Readiness. The first major research study 
dealing with readiness for pupils to begin systematic instruc- 
tion in primary-grade arithmetic was conducted by William 
A. Brownell. The study and the findings are appropriate and 
moder today although the study was reported in 1941! His- 
torically, the reader must consider that during the years of 
this study (1938-41) arithmetic was not taught systematically 
in grades one and two. In fact, several programs of instruction 
were in use: (1) the incidental approach, (2) emphasis upon 
social applications, (3) traditional practice based upon drill, 
and (4) concern for meaningful teaching, Brownell showed 

(with respect to primary number) that no single program of 
instruction was predominantly favored ( 5). In his study three 
important questions were studied: (1) Is the primary-grade 
pupil intellectually capable of profiting from systematic instruc- 
tion in arithmetic? (2) If the primary-grade pupil can learn 
much about arithmetic, should he be asked to do so; is instruc- 
tion in number wasteful if given in primary grades? (3) If 
primary-grade children can and should learn arithmetic from 
the start of their school career, what should be the content and 


In answering the first question (is the primary-grade child 
intellectually capable of instruction) Brownell showed that 
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time to the hour, and were familiar with some United States 
coins; (2) children who did not fully understand skills and 
concepts but had made reasonable progress in rote counting 
by I's to 100, by 10’s to 100, Xs to 20 or 30, could make crude 
comparisons, knew number combinations to 9 or 10, and could 
read some numerals; and (3) less than a third of the children 
entering first grade could count by 3’s to 30, made crude com- 
parison of objects (same or equal), knew about proper frac- 
tions and relative size of fractions, told time to half and quarter 
hour, knew relative value of United States coins, and knew 
relative size and units of liquid and linear measures. Brownell 
then answered the first question with “yes.” 

The evidence is of two kinds. First, inferential evidence 
shows that children entering grade one already possess much 
arithmetic, and if properly taught, they can learn much more in 
primary grades. Second, Brownell’s own research showed 
unmistakably that if primary-grade children were taught arith- 
metic, they would learn it. He cautioned educators to interpret 
learning and mastery as the end-product of long periods of 
experience and practice. Primary-grade children made progress 
toward learning and mastery of many arithmetical concepts. 

The second question (should the child be asked to learn 
arithmetic if he is capable) was answered by showing indi- 
vidual and social need for arithmetic. Brownell referred to the 
studies of Woody (5), showing that 83 per cent of the parents 
in one sampling of 164 homes stated that home instruction was 
given in rote counting. Other aspects of home instruction 
included: 54 per cent taught counting to 100; 78 per cent 
taught children to count objects; 87 per cent taught coin recog- 
nition; 68 per cent taught the value of money; two-thirds 
taught reading and writing numbers and simple verbal prob- 
lems. The conclusion drawn from this study by Brownell is 
that someone must assume the duty of teaching arithmetic to 
children. “Mere attainment of more birthdays cannot be ex- 
pected to bring the needed increase in number knowledge, 
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apart from directed experience” (5). His position is then 
‘clearly stated: 

Research has shown that school entrants already know much 

about number; the inference is that they can learn more; 

society requires that children must know arithmetic; nothing 

is gained, and much may be lost, if the school delays to later 

grades the discharging of its obligation (5). 

Answering the third question (what content to teach in 
primary grades) was extremely difficult because of the absence 
of good programs and reliable research. Brownell hypothesized 
that if arithmetic was adjusted to pupil interests and capaci- 
ties, first-grade children could and would extend their number 
knowledge happily, intelligently, and usefully. He went ahead 
to test this hypothesis by showing what happened when nearly 
500 children in grades one and two were provided with system- 
atic instruction in arithmetic. The children in his research study 
did make substantial progress of a measurable kind. Brownell 
was the first to point out shortcomings of this program and to 
note that there were different kinds of arithmetic and different 
kinds of systematic instruction. Arithmetic programs during 
this period (1940) were evaluated according to standards of 
speed, accuracy in computation, and conventional problem- 
solving, His program measured these factors and added mean- 
ing and significance. He defined these words by saying: “An 

; idea or skill is meaningful to the degree that it is understood. 

oo pa is significant to the degree that the values are 

r o the degree that it is used” (5). But the answer 

given on what to teach was classic and remains as true today 
as when it was written in 1940. 

ss whatever point arithmetic instruction is begun, whether in 

grade one, or grade two, or later, children should see both sense 

(meaning) and value and usefulness (significance) in the 

number they encounter. If arithmetic experiences cannot be 


found to satisfy both of these re uire: i 
t: 
arithmetic should be deferred (5). Taisi 
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Later in this chapter the writer will deal with research on 
thinking and concept development. The research work of 
Churchill, Piaget, and others has been summarized. These 
studies all have a direct bearing upon the discussion of readi- 
ness. Some of the main findings, therefore, should be reported 
at this point: 


= 


. In early work with number, certain ways of thinking which are con- 
nected with the nature of number and mathematical symbolism must 
be developed. 


wp 


. Churchill stresses the importance of the “operational character of 
knowledge.” In early childhood the bodily operation is enormously 
important because very little information provided in verbal form 
can be translated into knowledge at this age. 


i) 


. Readiness for learning to deal with numbers with understanding 
depends upon the maturity of certain mental abilities, favorable 
physical and mental experiences, and the ability of the teacher to 
recognize and use moments of readiness. 

The Committee of Seven (1928) made a detailed study of 
starting systematic arithmetic in different grades. About one- 
third started arithmetic in grade one, another third in grade 
two, and the rest in grade three. In all but one (column addi- 
tion) of the twelve arithmetical processes where tests were 
given to the three groups, the first group that started arith- 
metic earliest surpassed the other groups. The group starting 
arithmetic in second grade surpassed the group starting in the 
third grade. Washbume’s Committee concluded that the uni- 
form superiority of the pupils who began arithmetic in the first 
grade over those who began in the second grade and third 
grade occurred because they had an earlier start (87). 

General Readiness Factors. Other factors influencing readi- 
ness are information, attitudes, and abilities learned through 
experiences. Teachers should not wait for readiness to be 
achieved. Experiences which contribute to the growth of 
arithmetic readiness should be provided for each new aspect 

according to the needs of the pupil or the class. Readiness is a 

factor in successful work in arithmetic at each grade level. In 
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1949 William Brownell and Harold Moser pointed out the 
importance of readiness in their research studies dealing with 
subtraction in grade three: 


. . . If children have the necessary ability, knowledge, and 
understanding, they are ready. Their readiness is determined, 
not by their age or by their grade, but by the kind of arith- 
metic they have had. By manipulating their arithmetic back- 
grounds we may shift the placement of any arithmetical topic 
over a range of several years and of several grades .. . (10). 


A few years later, 1951, William Brownell did research work 
which showed the importance of arithmetic readiness as a 
practical classroom concept. He asked two important questions: 


(1) Just how ready are children in typical classrooms when 
the teacher determines readiness on purely practical grounds? 
and (2) To what extent are children equipped with the 
arithmetical skills and facts essential to economic learning in 
connection with a new process? (6). 


Arithmetic readiness was studied (fifth grade) in relation 


to a single process or group of skills—introduction to division 
by two-place divisors. His findings were: 


(1) . . . the present investigation shows that considerable 
flexibility should be allowed in the grade placement of the 
topic in question. The practice of assigning the topic to a par- 
ticular grade for a school system as a whole is of doubtful 
validity, for the different classes in that grade vary so widely 
in ability as to make such uniformity impractical. The practice 
of assigning the topic more precisely to a given time in a par- 
ticular grade is even less defensible. 

(2) . . . Practices commonly employed in the classroom 
are unsatisfactory as a means of determining arithmetical 
readiness. For twenty classes in this study many children were 


not ready for two-place division when called upon to start the 
topic. 


(3) In order to assume real readiness for two-place di- 
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visors, instruction must be individualized to a greater extent 

than is customary. One method is grouping within the class 

(6). 

Readiness for learning arithmetic must be a particular kind 
of readiness. In primary grades, children must be directed 
toward certain ways of thinking and the use of mathematical 
language which are connected with the nature of our number 
system. Experiences with number obtained before coming to 
school are repeated, enriched, enlarged, and unified into a 
meaningful structure. The teacher uses a variety of visual aids 
and concrete materials to build readiness so that children will 
develop adequate understandings so essential before writing 
numbers and learning of combinations takes place. In the 
next chapter specific techniques for evaluating pupil under- 
standings as an aspect of primary-grade arithmetic will be 
given. 

Children in intermediate grades also need a particular kind 
of readiness. William Brownell’s study on readiness for divi- 
sion, just reported, shows the importance of evaluation of 
pupil’s readiness for each new arithmetical process. The teacher 
must make certain that basic arithmetic skills have been de- 
veloped earlier. Other aspects of readiness should be consid- 
ered: stimulating pupils to work on problems leading up to a 
new step in order to introduce new learning; building back- 
ground for new concepts such as decimal notation; providing 
a desirable mental set for new material or for daily work; and 
enabling children to discover the new step or method which 
needs to be learned. 

Another aspect of readiness, the mental maturity needed to 
work different arithmetical processes, was studied by Carleton 
Washburne and his Committee of Seven on Grade-Placement 
in Arithmetic. The investigation involved 225 schools in sixteen 
states and continued for over ten years. Reports made by 
Washburne in 1928 and 1930 are representative of their work 
(86), (87). Recommendations of the Committee were based 
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upon the retention of new learnings of children who did not 
have considerable knowledge of a topic but who achieved a 
fairly adequate mastery of prerequisite topics and, in some 
cases, of prerequisite concepts. Time and method of teaching 
were controlled. The Committee of Seven specified the num- 
ber of minutes per day and the number of weeks that a topic 
was to be taught. General teaching outlines were prepared, 
indicating the methods to be used. 

The Committee plotted the average scores made by children 
on the retention tests against their mental ages and then 
found the percentage of children making a score of 80 per cent 
on the retention test against their mental ages. Thus, a “mini- 
mum mental-age level” at which three-fourths of the children 
achieved scores of 80 per cent or more correct was found. For 
example, the Committee found the addition facts (sums 10 
and under) could be learned according to this standard when 
a child had a mental age of 6.5, the subtraction process re- 
quired a mental age of 8.9, multiplication facts 10.2, and long 
division process 12.7. 

The findings of this Committee have had many adverse 
effects upon arithmetic teaching. The study was based upon 
the drill-type teaching and a very unrealistic view of the 
meaning of mental age. When arithmetic is taught in a de- 
velopmental way with a meaningful approach, the standards 
established by the Committee become ridiculous and unsatis- 
factory as a basis for discovering when children can best be 
taught various arithmetical processes. The findings of David 


Wechsler substantiate the inadequacy of mental age as a base 
for readiness or grade placement: 


. . mental age is considered to represent an absolute level of 
mental capacity, so that an M.A. of 6 m 
tive of whether it is obtained by a chi 
Instructors in psychometrics have devoted many hours to 
teaching their pupils first that the M.A. is a measure of mental 
level (an M.A. of 7 is a mental level of 7 in all children attain- 


eans the same irrespec- 
ld of 6, 10, or 16. ... 
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ing this rating) and then teaching them that this is not true 
after all (a 5-year-old with an M.A. of 7 has not the same kind 
of mind as a 10-year-old with an M.A. of 7) (91). 


Thus, readiness broadly interpreted has an important role 
in the determining of appropriateness of new mathematical 
learnings as well as influencing pupil progress at each stage of 
development for this subject. 


Motivation 


The importance of motivation in every learning activity has 
been recognized by educational leaders and mathematicians 
who accept a modem philosophy and psychology of education. 
The 1960 Yearbook of the National Council of Teachers of 
Mathematics repeatedly emphasizes goal-centered learning of 
mathematics (78). Howard F. Fehr in a recent statement of 
philosophy of arithmetic instruction (33) states: 


. .. that without motivation and drive, no real learning takes 
place. So we try to develop the type of environment, the type 
of stimuli that help the child to motivate his learning. When 
motivation is present, then self-instruction takes place. 


Ample evidence exists to show that in the past arithmetic 
has been taught in a mechanical, routine, drill-centered way. 
The results of this type of teaching are found in poor attitudes 
toward arithmetic (30), failure for many students, and the 
choosing of other subjects for advanced study in secondary 
schools, colleges, and universities. 

One study of Margaret Buswell is indicative of research 
work being conducted on the relationship between the social 
structure of the classroom and the academic success of the 
pupils. This author concludes her research by stating: 

. . . When we consider a classroom of boys and girls in either 


the early grades or the upper grades, it may be said that in 
general those who are succeeding in their school work will 
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also be succeeding in their social relationships with their 
peers cs (LT): 


The importance of motivation to all cognitive activity is 
pointed out by Jean Piaget in his writing on the “Genetic 
Approach to the Psychology of Thought”: 


... The formal aspect of thought makes way, therefore, more 
and more in the course of the development to its dynamic 
aspect, until such time when only transformation gives an 
understanding of things. To think means, above all, to under- 
stand, and to understand means to arrive at the transforma- 
tions which furnish the reason for the state of things. All 
development of thought is resumed in the following manner: 
a construction of operations which stem from actions and a 
gradual subordination of formal aspects into dynamic aspects 
..- Bruner has said that I have called disequilibrium what oth- 
ers describe as motivation. This is perfectly true, but the ad- 
vantage of this language is to clarify that a cognitive or 
dynamic structure is never independent of motivational fac- 
tors. The motivation in return is always solidary to structural 
(therefore cognitive) determined level. The language of the 
equilibrium presents that activity which permits us to reunite 
into one and the same totality those two aspects of behavior 
which always have a functional solidarity because there exists 


no structure (cognition) without an energizer (motivation) 
and vice versa (59), 


The psychologists, Anderson and Gates, in a discussion of 
the general nature of learning, have pointed out the impor- 
tance of the process of learning—including motivation: “The 
process established and the particular way of learning with its 
consequent meaning for a way of attacking new problems may 
be as important to an individual as a particular product” (2). 

Churchill points out the role of the teacher and summarizes 
the importance of motivational factors as well as the total 
learning process when she states: 
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. . . learning only takes place when the learner is responding 
actively to the experiences offered to him. This is true of all 
learning whether by adults or children; whether we are con- 
sidering the learning of motor skills, the development of 
acceptable modes of social response, or the acquiring of new 
knowledge. . . . From this it follows that unless the teacher 
succeeds in gaining the full involvement of her children in 
what is going on, the physical provisions she has made will 
be wasted. For full involvement children must find the 
environment exciting; one which stimulates their curiosity 
and desire to experiment and find out things. They must find 
a challenge in it, and the results of their activities deeply 
satisfying. But further to this they must feel at ease in the 
environment, free to enjoy themselves, and other people, free 
to get involved in learning tasks (22). 


Finally, Jerome Bruner, in his book, The Process of Educa- 
tion, points out the need for motivation in all of education: 


. . » Motives for learning must be kept from going passive in 
an age of spectatorship. They must be based as much as pos- 
sible upon the arousal of interest in what there is to be learned, 
and they must be kept broad and diverse in expression. The 
danger signs of meritocracy and a new form of competitive- 
ness are already in evidence. Advanced planning can help 


(13 


RESEARCH ON THINKING AND CONCEPT 
DEVELOPMENT 


_ Research on the development of children’s thinking includes 
investigation of perception, memory, ability to concentrate, 
Solving problems, and reasoning ability. Studies dealing with 
reasoning, problem-solving, and concept development are 
Pertinent in the discussion of understanding mathematics. 
According to Russell (64), who has summarized scientific 
Studies on children’s thinking, general agreement exists among 
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child psychologists that the infant and the young child first 
learn to perceive accurately and to judge in terms of the imme- 
diate physical environment. The evidence in research on the 
child’s ability to reason about problems is not so definite or con- 
clusive. Reasoning ability does not appear suddenly at two, 
four, or more years of age. The ability grows gradually and, 
with some irregular advances in certain areas, probably con- 
tinuously. 

Extensive research on the development of children’s think- 
ing has been done by Piaget, working at the Universities of 
Paris and Geneva. The importance of Piaget’s work on the 
description of developmental aspects of children’s thinking has 
not really penetrated the United States. Wallach (84), com- 
menting on this neglect, feels that the studies of the Geneva 
group contain a close blending of empirical description with 
theoretical speculation. This makes it difficult for research 


workers to disentangle empirical description from speculative 
theory. 


Research to verify, clarify, 
has been carried out extensiv 
of this fact, the writer has dr: 
Dienes, Lunzer, Lovell, and 


Wallach (84) points out that Piaget has data supporting the 
early statements of Watson and Skinner to the effect that 
thinking involves internalized behavior. Churchill (22) re- 
minds us that Piaget’s primary interest for the last forty years 
has been in the genesis of mental operations, and that he is 
the first psychologist to carry out à systematic study of concept 
formation from the genetic point of view. 

According to Churchill (22), Piaget believes that thought 
activities may be analyzed in terms of groups or systems of 
operations. These groupings are relational systems which have 
certain defining properties. Three of these properties are: (1) 
composition—any two-unit operations can be combined to pro- 


duce a new unit; (2) reversibility—any two units which have 


refute, and extend Piaget’s work 
ely by English scholars. Because 
awn upon the work of Churchill, 
other British researchers. 
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been combined can be separated again; (3) associativity—the 
same result may be obtained by combining units in different 
ways. Each of these systems is connected to actions which can 
be internalized, reversed, or co-ordinated into pattems of 
thought. The structures used by a child early in life are differ- 
ent from those constructed and used later. Maturity is shown 
in the way a child demonstrates the use of the three properties 
listed. 

The stages of mental structuring, corresponding to the three 
types of development just discussed, are: (1) sensori-motor 
group structures, (2) concrete operation groupment struc- 
tures, and (3) formal mental structures. Each of these will be 
discussed. 

“Sensori-motor Structures.” During this first stage, the child 
can only perform actions. At first there are no operations be- 
cause the child cannot internalize activities. But gradually no- 
tions of objects are formed, and he learns to construct the idea 
of an object lying beyond the field of vision. Piaget used a 
watch to demonstrate this type of mental structure. A watch, 
with which he and a child had been playing, was hidden. 
At first the child lost interest if the watch was covered com- 
pletely. Later the child learned to search for a hidden object. 
By the age of two the child had formed certain behavioral con- 
cepts of a permanent object. This development was made 
Possible because of the organization of the child’s perceptual 
experience and the increased effective co-ordination of bodily 
Movements. The child co-ordinated sensory data and move- 
ment information into sensori-motor group structures. This 
represents, to Piaget, the beginnings of intelligence because: 
(1) the child acted in a certain way in response to a sensory 
impression—properties of composition; (2) he looked for an 
object which he had seen hidden, going back to the starting 
Point of the activity—reversibility; (3) he changed his move- 
ment response to a known object—associativity. 


“Concrete Operation Groupment Structures.” This repre- 
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sents Piaget’s second stage. The stage is much longer than the 
sensori-motor group and has three phases: (1) “preoperational 
thought,” (2) “intuitive thought,” and (3) the “concept of 
conservation.” 

Preoperational thought is found from about two to four years 
of age. The child’s actions are internalized because of the use 


the arrange- 
cupied more 
were still the 
will say that 
because it is 
-year-old child. The child’s 
intuitive perception rather 
th the beads, 

achieved when the child be- 
- The child sees that mov- 
ger line or to occupy more 
eads does not change the 
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number or value of the beads. He understands the numerical 
value of the set. The child now has the concept of conservation 
of a sum. 

Piaget believes that when a child has the concept of con- 
servation of a sum, the concrete operation groupment struc- 
tures are becoming organized. The child’s actions are inter- 
nalized, and this enables him to work with concrete operations, 
classification, and seriation. By age seven, Piaget believes that 
children can work with concepts of number as equivalent and 
orderable, time, and space. Inhelder (45), however, has shown 
that a child must be ten or eleven years of age before he is 
capable of reversible reasoning in connection with weight and 
volume. 

“Formal Mental Structures.” Earlier operations involved 
reasoning about things and events. Now, in formal mental 
structures, the pupil is capable of reasoning about these con- 
crete operations themselves. This period is reached, according 
to Piaget, in early adolescence. The adolescent is able to form 
hypotheses, make assumptions, and draw conclusions. 


Conclusions on children’s thinking 


What, then, are some implications of Piaget's research for 
teaching mathematics with understanding? 

s that the child’s basic cognitive cate- 
Sories for interpreting physical reality (thinking, reasoning, and 
understanding) are the product of slow and painstaking construction. 

2. Piaget believes that development proceeds through a series of clearly 
lefined stages, each having its own particular type of mental opera- 
tion. He further believes that (while recent research may show that 
the general rate of progress through the stages may be accelerated 
or retarded by experience, culture, or other factors) the sequence 
of stages will be invariant. Maturation, according to Piaget, takes 

is form. 

3. While we can accept much of Piaget's wi 
needs to be given to individual differences 
ment. Recent research by Bruner, Dienes, 


l. The most striking conclusion i 


ork, much more attention 
in growth and develop- 
Lovell, and others shed 
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light on differences between children in the way they deal with 
experiences and develop concepts. These will be reported on in the 
section on concept development which follows. 


4. Certainly Piaget's work suggests that the teacher must provide chil- 
dren with experiences which will enable them to operate construc- 
tively and gradually to become aware of the relationship between 
things defined in the language of mathematics. The teacher must 
search for the teachable moment to enable children to develop 
mathematical concepts. 


Having spent considerable time on children’s thinking, our 
attention will now be turned to a discussion of mathematical 
concepts and their development. 


Concept formation 


John Dewey, in his early work on thinking, has shown that 
concepts enable one to generalize, to extend and carry over our 
understanding from one thing to another. “Since concepts rep- 
resent the whole class or set of things, they economize our in- 
tellectual efforts. The concept shows that a meaning has been 
clearly established and will remain the same in different 
contexts (25).” 

Lovell, an important British writer in this field, identifies the 
Sequence in concept development as “perception, abstraction, 
generalization.” He defines a concept as “a generalization 
about data which are related; it enables one to respond to, or 
think about, specific stimuli or percepts in a particular way. 
Hence a concept is exercised as an act of judgment” (49). 


Carefully and gradually children must be taught the lan- 


guage and symbols of mathematics. This language enables 
children to communicate in a particular, exact way with their 
peers and the teacher. When properly taught and when thor- 
oughly understood, mathematical c 


‘oncepts may be used to 
solve new problems, or they may be combined with other con- 
cepts and used to solve problems. Occasionally children, par- 


ticularly while learning to use newly acquired concepts, may 
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not be able to verbalize the concept being studied. In fact, 
considerable evidence exists to show that premature verbaliz- 
ing of generalizations may be harmful to some children. This 
particular point will be discussed later in this chapter under 
transfer of learning. 

In the learning of concepts, Carpenter studied the differ- 
ence between functional leaming and rote learning. He con- 
cluded: 


. . . functional learning of concepts is more efficient than rote 

. learning when measured by retention and ability to verbalize 
meanings of learned concepts. Concepts that refer to classes 
of material objects are more thoroughly understood when the 
student has an opportunity to manipulate and study the 
objects than when only factual information is given by lec- 
tures (19). 


Betz also points out the crucial need for nonmechanistic, 
meaningful teaching processes based on motivation, insight, 
and purposeful application (3). 

Dienes conducted research which helps to answer the ques- 
tion about Piaget's stages of development. He found that some 
people must formulate their concepts very explicitly and ex- 
actly before they can use them while others can think in terms 
of the same concepts with equal efficiency but with only a 
small amount of such explict formulation. He concluded that 
it was only through constructive activities with structured ma- 
terial that the child can be led on to analytical thinking. “Con- 
structive exercises have to precede analytical insights. It may 
be that some children will never reach the analytical stage; 


the great challenge to the teacher is that of devising ways and 


means of making the whole of mathematics available to such 


children (27).” 

Churchill concludes, after referring to the research findings 
oi Piaget, Dienes, Wheeler, and others that “the eventual at- 
tainment of the number concept depends on the opportunity 


40 Pupil Understanding of Arithmetic 


the child is given to handle real things rather than on the com- 
mitting to memory of number bonds through frequent exer- 
cises with number cards (22).” 

Visual Perception and Imagery in Concept Development. 
The visual and manipulative approach used to aid children in 
developing mathematical concepts has been open to attack on 
the grounds that the method does not allow children to see 
number relationships and may be quite rigid if inadequately 
used. A variety of number apparatus has been devised by Stern 
and Cuisenaire which may meet some of the o 
at this type of equipment. 

Both Cuisenaire and Stern methods 
rearranging of materials, workin 
ematically sound, and rel 
tion and imagery. 


Stern (73), through the use of cubes and other manipulative 
aids, believes that meterials are not just for manipulation. 
These materials supply certain physical structures which lead 
to mental structures. Later in the learning period the child 
must be able to visualize the meaning of numerals without 
the aids being present. Stress is placed upon the child’s meas- 
uring rather than counting. 

Cuisenaire materials consist of a number of rods of ten dif- 
ferent colors, varying in length from 1 cm. to 10 cm. Each rod 


is 1 cm. by 1 cm. in cross section. Rods of one color are the 
same length. N 


bjections leveled 


provide for children’s 
§ on concepts which are math- 
ying only in part upon visual percep- 


child is encouraged to dis 
using the colored rods. 
Lovell inte 


tprets Piaget’s views on visual perception as 
follows: 
. . . Piaget believes that mathematical concepts are not derived 
from materials themselves, but from an appreciation of the 
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significance of the operations performed with the materials. 
The concepts and the ability to maneuver them in the mind, 
he considers are built up from using concrete material, but are 
independent of actual materials used (49). 


H. Van Engen and E. Glenadine Gibb have emphasized the 
importance of physical or concrete experiences which are pat- 
terned and lead to the development of concepts; these con- 
cepts are themselves a pattern of physical elements which are 
similar to the concrete experiences. They recommend that close 
attention be given to two realms of structure: (1) a physical 
structure (the sequence of events and arrangements of ob- 
jects) and (2) a physical structure (that which causes a 
given situation to make sense so that everything fits) (83). 
Both visual aids and verbal problems must be evaluated to 
discover how closely they fit the mathematical ideas which the 
pupil is expected to structure. 

Certainly the cautions given by Van Engen and Gibb seem 
sound and practical. Research studies in England lend support 
to the evaluation of instructional materials to see if they are 
suited to the child’s developmental level and to appraise the 
mathematical concept being studied. Dienes has found that if 
a concept involves a number of variables, all variables must be 
dealt with in order to ensure understanding (27). Lovell found 
that while Dienes’ theory was correct, when working with 
seven- to eleven-year-old children the teacher should be care- 
ful while using apparatus involving a number of variables (49). 
This study confirmed similar findings of Inhelder and Piaget. 

The question about using teaching aids before children are 
ready for a new mathematical concept is often raised. A partial 
answer to this problem is implied in the statement of Van 


Engen and Gibb when they recommend that the teacher pay 
close attention to both physical and psychical structure. 
investigation of Piaget's 


Lunzer, in a study dealing with an i i i 5 
work on concept formation, expressed the view that it may be 
worth while for a teacher to 80 through processes the chi 
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does not quite understand rather than wait until the solution 
is readily seen. This procedure increases the child’s familiarity 
with the material and the kind of reasoning involved (50). The 
studies of Brownell (6), discussed earlier under the heading of 
readiness, point out the necessity to discover when each indi- 
vidual is ready for new arithmetical learnings. This problem 
will be dealt with again in the next chapter when suggestions 


are made for evaluating pupil understanding of each basic 
mathematical concept he is expected to leam. 


Summary on concept development 


Lovell concludes his book on concept development by show- 
ing that mathematical concepts develop slowly. He believes 
that concepts do not develop in an “all or none” fashion but 


are at first vague and hazy. Gradually concepts grow in clarity, 
in widtl 


ing of the teacher, and (2) the 
climate of opinion in which the 


David Russell, in his excellent 
summarizes the evidence h 
concept development as follows: 


- mathematical conce 
perception of number, s 
In their earliest stages, 


pts are closely related to the child’s 
pace, time, weight, and related factors. 


accordingly, they are dependent upon 
many opportunities to manipulate 


and explore—an environ- 
ment rich in blocks of different size 
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Most children seem to go through a rather similar sequence 
in the development of their mathematical ideas, although 


wide differences exist at any one age level (64). 


Thus, from the abundance of research evidence now avail- 
able on the development of children’s mathematical concepts, 
certain general principles can be formulated to guide instruc- 
tional practices: 


al Concept development is the central and most important aspect of 
directing children’s understanding of arithmetic and mathematics. 
Concepts carefully leamed enable the child to generalize and to ex- 
tend understanding from one aspect of arithmetic to another. 

2. Carefully and gradually children must be taught the language and 
symbols of mathematics. This mathematical language enables them 
to communicate in a particular, exact way and to develop concepts 
necessary for successful work in mathematics. 

3. Children learn through exploration and discovery. But the role of the 
teacher in this process is crucial and exacting. For each child and for 
each stage of development, the teacher must create an appropriate 
environment which will evoke discovery, impel thinking, and extend 
mathematical experiences. Growth toward successively higher levels 
of mathematical thinking and abstraction is the main goal of this 
guidance. 

4. The brilliant work of Piaget helps to identify the developmental 
levels of mental growth in children and accentuates the importance 
of ability, maturation, and environment in all learning experiences. 
Children do, indeed, go through similar sequences in the development 
: mathematical ideas although wide differences do exist at each age 
evel. 

als are necessary for helping children 

However, improper, undirected, and pre- 

harmful to children. Visual aids and verbal 

t must be evaluated to see if 

Joped and to see if they are 


g Sensory-perceptual materi: 
acquire number concepts. 
Mature use of these aids is 
descriptions used in concept developmen 
sound mathematical ideas are being deve! 
Suited to children’s developmental levels. 

- Piaget’s research has poignant meaning for use of panna EAT 
aids because he shows that mathematical concepts are not en 

rom materials themselves, but from an appreciation of the signifi- 
cance of the operations performed with the materials. ; , 

» The development of mathematical understanding and skill at ae h 

Successive level of pupil progress in school is dependent upon the 


Principles of concept development just presented. 
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Transfer of learning 


The first important evidence on the successes and values of 
meaningful teaching came from studies which showed the 
transfer values when arithmetic was taught so that children 
understood the processes. Evaluation techniques used in these 
early studies consisted of standardized achievement tests. Pu- 
pils taught with drill methods could make high scores on tests 
which were based upon computational skill, When investi- 
gators began to search for retention of newly acquired learn- 
ings and transferability of these learnings to new problem 
situations, evidence began to pour in to show the values of 
insightful learning. A brief review of research and writings 
showing the transfer value of meaningful teaching follows. 

A major start toward understanding the value of meaningful 
teaching and learning was made by T. R. McConnell in 1928. 
His investigation dealt with the learning of the 100 basic addi- 
tion and the 100 basic subtraction facts. Two methods were 
used in the controlled experiment: (1) repetition of stimulus- 
response connections (authoritatively identified) with no at- 
tempt to invest them with meaning, and (2) stress upon dis- 
covery of truth and meaning—learning through insight, rather 
than sheer repetition. While evaluation techniques were not 
adequate, the results showed that the mechanical, drill- 
oriented group excelled on immediate and automatic response 
to the number facts as measured by tests with limited admin- 


istration time and speed instructions, The meaningful-teach- 
ing group excelled in tests which put a premium on deliberate 
and thoughtful responses, and th 


: : nose with longer administra- 
tion times (51). 

Rees summarized 99 studies on transfer in 1928. He showed 
that t i i i 
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that transfer was revealed by 80 per cent of the studies, but 
transfer was not an automatic process. Transfer had to be 
worked for. The amount of transfer is conditioned by factors 
such as age, mental ability, time intervals between learning 
and transfer, accuracy of learning, meaningfulness of learning 
situation, method of study, and provision for reconstruction of 
experience. Orata reported that the evidence available dis- 
proves Thorndike’s theory of identical elements (54). When 
the theory of identical elements of Thorndike became obsolete, 
the role of insight and generalization became thoroughly es- 
tablished. The work of Hendrix, reported later in this section, 
is particularly appropriate on this last approach to transfer. 

C. Louis Thiele’s study made in 1938 is typical of a large 
number of experiments which followed McConnell’s work and 
which attempted to measure pupils’ ability to use newly ac- 
quired learnings in novel situations and to generalize. Two 
methods of teaching were used: (1) the drill method which 
stressed repetition of the number facts with the use of manipu- 
lation of concrete objects and (2) the generalization method 
which involved work for speed and accuracy as in group one 
but which depended upon generalizations (seeking likenesses 
and differences in number situations) rather than memory for 
recall and use of facts. On the final test (30 items involving 
transfer of training) the second group (generalization method) 
averaged 10.00 items correct; the drill-method group averaged 
6.07 Correct. The superiority of group two was especially pro- 
nounced in the learning of difficult addition facts (82). 

One of the most significant studies of transfer of training was 
made by Gertrude Hendrix in 1947 and repeated and con- 
firmed by Haslerud (42) in 1958. A study was made to test the 
Value of the unverbalized awareness method of learning a 


e aii 
Seneralization. Her results were: 
wer, the unverbalized 


+++ (1) for generation of transfer power, the 
awareness method of learning a generalization is better than 
a method in which an authoritative statement of the general- 
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ization comes first; (2) verbalizing a generalization immedi- 
ately after discovery does not increase transfer power; (3) 
verbalizing a generalization immediately after discovery may 
actually decrease transfer power; (4) the fact that it is the 
intermediate flash of unverbalized awareness that actually 
accounts for the transfer power is a new and startling proposi- 
tion in learning theory (43). 


Brownell and Moser provided clear evidence regarding the 
relative transfer values when the skill of borrowing in subtrac- 
tion was taught meaningfully and mechanically: “When sub- 
traction examples were understood and rationalized by pupils, 
there was greater transfer to untaught examples than when 
initial instruction had been mechanically associative” (10). 
Subskills in borrowing were also learned and taught more 
easily and effectively when the initial instructional experiences 
were rational and meaningful. 

The psychologists Anderson and Gates, in a chapter dealing 
with the general nature of learning, conclude: 


It seems clear that learning which is cognitive in process and 
control is more likely to have varied utility than learning 
which is mechanically associative. The most brilliant illustra- 
tion of this concept is found in the development of the “mean- 
ing theory” for teaching arithmetic (2). 


Research has shown that transfer is not automatic. Transfer 
is dependent upon teaching which utilizes meaningful mate- 
rials, methods, and problems. Independently derived princi- 
ples, encouraged by freedom for pupils to discover and work 
out their own solutions to problems, are more transferable than 
principles which are stated for children. Transfer takes place 
best when learnings involve common things easy to generalize 
and when pupils have strong intelligence. 
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CONCLUSIONS ON EDUCATIONAL WRITINGS AND 
RESEARCH DEALING WITH UNDERSTANDING 
ARITHMETIC 


The importance of educational philosophy, child develop- 
ment, clearly defined objectives, and sound principles of 
learning have been stressed in this chapter. The meaningful 
approach to teaching arithmetic is based upon modern devel- 
opments and discoveries in these foundation areas. 

A particular kind of readiness for learning new arithmetical 
skills and concepts is needed for each age group. Younger chil- 
dren must be given experiences which will help in the use of 
mathematical language and thought processes. A variety of 
visual aids and concrete materials is needed to develop ade- 
quate understandings of each new aspect. Children in inter- 
mediate grades must know arithmetic skills developed in ear- 
lier grades and must have the background for new concepts. 
The maturity of the children, learning abilities, and previous 
experiences necessitate careful provision for individual differ- 
ences, 


The importance of motivation to every learning activity has 


een stressed. There is ample evidence to show that in the past 
€w decades not enough attention has been given to the use 
of motivation in the teaching of elementary school arithmetic. 

Since concept development is the central and most important 
aspect of directing children’s understanding of arithmetic and 
Mathematics, a list of principles was formulated to guide 
instructional practices. 

Teaching arithmetic so that pupils understand each new 
spect aids in transfer of learning. The importance of the 
Unverbalized awareness method of learning 4 generalization to 
‘Tansfer power has been stressed. Learning which is cognitive 
™ process and control is more likely to have varied utility than 


earni ares š iati 
amning which is mechanically associative. 
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NOTES AND PROBLEMS 


. While the educational writing and research unreservedly sup- 
port the concept of meaningful learning, there has been a gap 
between theory and practice in the teaching of elementary school 
arithmetic. How would you bring about constructive changes in 
the teaching of arithmetic? 


. The author has listed ten principles of learning for the teaching 
of elementary school mathematics. Show how you could apply 
each of these in teaching at one or more age or grade levels. 


. Arithmetic readiness has been discussed in this chapter from the 
standpoint of necessary ability, knowledge, and understanding 
of mathematical concepts. What evidence can you find to show 
that pupils are ready for the new mathematics? How should 
readiness for new mathematical learnings be established? 


- What are some of the implications of Piaget’s view that mathe- 
matical concepts are not derived from materials themselves? 


. How would you apply Gertrude Hendrix’s theory (unverbalized 
awareness method of learning a generalization to transfer 
power) in the teaching of elementary school mathematics? 
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Evaluation Procedures 


(Review of Research) 


f this chapter is twofold: (1) to 
g dealing with the evaluation of 
arithmetical concepts; and (2) to 
luation of pupil growth in under- 


The purpose o 
review research and writin 
pupil understanding of basic 
identify weaknesses in the eva 
Standing arithmetic. 


EVALUATION OF UN DERSTANDINGS 


s used to determine the amount and 
ding of and achievement in arith- 
efined objectives. This concept has 


evolved gradually during the past two decades. The evalua- 
tive process involves three important elements: (1) the com- 
prehensive range of objectives are evaluated rather than just 
subject-matter achievement; (2) a variety of techniques is 
used to secure data on pupil progress; (3) emphasis is placed 
Upon the child’s total personality development. This over-all 
View of evaluation in arithmetic has by no means been widely 
Used by teachers, curriculum workers, oF administrators. 
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Evaluation is the proces 
quality of pupil understan 
metic based upon clearly d 
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One of the first clearly defined statements of the evaluation 
of learning in arithmetic was made by William Brownell (5) 
in 1941. He pointed out the need for uniting measurement and 
evaluation with instructional practice—“instruction and evalua- 
tion go hand in hand.” The outcomes to be evaluated and the 
purposes of evaluation must be carefully described. As far as 
the evaluation of mathematical understandings was concerned, 
Brownell stated that “exceedingly little has been done either 
informally or systematically to find practicable and valid pro- 
cedures for evaluating mathematical understanding.” Unfor- 
tunately, this statement is generally true today. While consid- 
erable progress has been made in many informal studies to 
measure pupil understandings of arithmetical concepts, no 
systematic or widespread development has been made in this 
area. A brief review of studies showing the inadequacy of 
standardized tests to measure mathematical understanding is 
appropriate at this time. 


Standardized tests and pupil understanding of arithmetic 


As early as 1934, Brueckner (11) showed that the unit scales 
of attainment did not measure all arithmetical outcomes. Using 
vocabulary and quantitative relationships tests with 453 chil- 
dren in grades 4A to 5B, he obtained coefficients of correla- 
tion of .361 between vocabulary and computation, and of .522 
between vocabulary and problem-solving. The quantitative re- 
lationships test correlated .576 and .661 with computation and 
problem-solving. 

Spainhour (70) confirmed Brueckner’s findings. He pre- 
pared tests of mathematical understanding with reliability co- 
efficients of .901 for grades four and six. These tests were ad- 
ministered along with the New Stanford Reasoning Arithmetic 
Test and the New Stanford Computation Arithmetic Test to 
143 pupils in grade four and 136 in grade six. In grade four the 
understanding test scores correlated .665 and .751 with prob- 
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lem-solving and computation. In grade six the corresponding 
R's were .751 and .756. 
The writer (in 1960) prepared tests of mathematical un- 
derstanding for grades three through six with reliability co- 
efficients of .893 to .897.1 Since results of these tests will be 
discussed later, only two test samplings (fourth and sixth) will 
be related to the problem being presented at this point. In a 
sampling of 433 fourth-grade children, the tests of understand- 
ing UCCT correlated .637 with scores on the Reasoning Test 
Section of the California Achievement Test CAT and .499 on 
_the CAT Fundamentals Tests. For a sampling of 495 sixth- 
grade pupils comparing UCCT with the CAT, the results were 
similar to the fourth-grade test and very close to the findings 
of Spainhour. The correlation between UCCT and CAT Rea- 
soning Test was .657 and .691 between UCCT and CAT Fun- 
damentals Test. 

Careful study of most standardiz 
arithmetic, containing subtests on pro 
ing, reveal the inadequacies of these tests to measure 


understanding of arithmetical processes. 


Other methods for studying pupil understanding of 
arithmetic 


ed achievement tests in 
blem-solving or reason- 


pupil 


thinking in arithmetic were 
II (16) in 1949. He suggested 
have pupil think aloud, use 


Methods of studying pupils’ 
Carefully discussed by Guy Buswe 
Six ways to study pupils’ thinking ( j 
Manipulative aids, make diagrams, and the like) as the basis 
for understanding how pupils arrive at their answers in compu- 

ation or in solving word problems. He concluded with the 
thought; 


1 -. the problem of the teacher i 
€vels of pupils’ thinking and to help ch 
a ; 
The Uni i hension Tests will be desig- 
niversit: ‘fornia Arithmetic Compre’ ensi 
ated as Ucet TFA iever Tests will be referred to as CAT. 


s to understand the successive 
ildren develop clear 
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meanings at every stage of the learning process. These mean- 
ings exist in the pupils’ thinking. Arithmetic teachers must 
learn to understand how pupils think (16). 


Vincent J. Glennon did a frontier type of research study on 
the testing of meanings in arithmetic in 1949. He reported six 
causes for the lag in the development of adequate methods for 
measuring pupil growth in understandings and meanings in 
arithmetic: (1) the change in the objectives in the teaching of 
arithmetic to include meaningful teaching; (2) the impact of 
physiological psychology on methods of teaching; (3) the se- 
curity teachers and supervisors found in present practices 
based on drill and testing; (4) the lag in the development of 
evaluative instruments; (5) the dependence of teachers upon 
standardized tests and teaching for these tests; and (6) the 
lack of a definite list of understandings and meanings. Glen- 
non pointed out the paucity of the research studies in the area 
of testing for meanings and concluded that this was one of the 
most neglected educational problems of the day (39). He 
conducted a study to discover the extent of growth and mas- 
tery of certain basic mathematical understandings possessed 
by representative groups on seven educational levels. A sam- 
pling of arithmetical understanding (measured by an objec- 
tive-type test of 90 items covering concepts taught in grades 
one through six) was taken in grades seven, eight, nine, twelve, 
college freshmen, college seniors, and teachers in service. 

Glennon concluded that the average seventh-grade pupil 
tested in his study had acquired 12.5 per cent of the under- 
standings basic to the computational processes taught in grades 
one through six. The scores increased with the grade level to 
14.01 per cent for eighth grade; 18.02 per cent for ninth grade; 
and 37.00 for twelfth grade. These data present evidence of 
the meager degree with which teachers were succeeding in 
helping children to understand basic arithmetical concepts 
measured by this one test. Certainly, in 1949, teachers were not 
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making meaningful teaching one of their primary objectives in 
elementary arithmetic work. 

J. Fred Weaver, in 1955, followed the’ suggestions made by 
Buswell for studying children’s thinking patterns in arithmetic 
and planned an investigation involving interviews in which 
children individually “think out loud” in response to specific 
quantitative problems. The technique was illustrated in actual 
operation by a fourth-grade teacher in the teaching of multipli- 
cation combinations. Pupil responses and thought patterns were 
recorded in the form of a class chart to facilitate study of the 
data. Class organization and instructional practices were then 
changed to help individual pupils learn and understand the 
multiplication combinations. The teacher then used the inter- 
view technique to gain helpful information in planning her 
instruction throughout the year. 

The conclusions drawn by Weaver on this one evaluative 


technique were: 


. . . every teacher can make a sound investment by interview- 
ing children in her class periodically to determine and study 
their levels of thinking when dealing with various quantitative 
situations. By then using the knowledge gained from such 
interviews to assist her in providing a helpfully differentiated 
program of teaching and learning experiences, every teacher 
can reap big dividends in the form of increased instructional 


effectiveness (89). 


Another method for sampling pupil understanding of the 
numeration system was used by Frances Flournoy. Basic con- 
cepts for understanding decimal numeration were stated, and 
four tests on different levels of difficulty were designed to test 
pupil understanding of these selected principles of numera- 
tion. The tests were administered in grades four through seven. 
The results of the test given in grade seven were representative 
of the findings of the study: on the twenty-five item numera- 
tion system understanding test administered at midyear, these 
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106 seventh graders ranged from 6 to 23 items correct with a 
mean of 15.12 items correct. The mean per cent correct was 
found to be 60.48 (35). The researcher concluded by saying 
that while the classroom arithmetic exercises related to the 
reading and writing of numerals were important, they did not 
sufficiently explore and deepen pupil understanding of the 
numeration system. 

Rappaport made a similar study, in 1958, to test the extent of 
understanding meanings in arithmetic by seventh- and eighth- 
grade pupils. Assuming that a score below 50 per cent was an 
indication of inadequacy, he discovered that pupils did not 
have an adequate understanding of the meanings in arithmetic. 
Computational skill was not an indication of the understand- 
ing of the meanings of the processes used in computation, for 
some pupils with very high computational scores achieved 
very low scores on the meaning test. Pupils showed a greater 
concern over the securing of answers to arithmetic exercises 
than in understanding the meanings in arithmetic. Rappaport 
stated: “The results of this study indicate a wide discrepancy 
between computational skill and understanding. Teachers and 
administrators should make every effort to narrow this gap 
between skill and understanding (62).” 


Teachers’ and prospective teachers’ understanding of 
arithmetic 


A study of university students’ comprehension of arithmeti- 
cal concepts was carried out by the writer in 1961. This study 
was designed to measure students’ understanding of arithmeti- 
cal concepts as they progressed through courses designed to 
teach these processes. Two classes (fifty-five prospective ele- 
mentary school teachers) were tested with a sixth-grade arith- 
metic comprehension test before and after completing a lower 
division mathematics course for elementary school teachers. 
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The conclusions drawn were that prospective elementary 
school teachers adhered to many arithmetical concepts and 
procedures learned in elementary and junior high school. While 
there were many basic arithmetical concepts understood by 
these prospective teachers, the students still clung to tradi- 
tional methods. and mechanical procedures when attempting 
to explain the following concepts: (1) partial products in 
multiplication; (2) placement of quotient figures in long di- 
vision; (3) placement of the decimal point in problems in- 
volving decimal fractions; and (4) understanding of and use 
of denominate numerals. Future gains in the education of 
prospective teachers of arithmetic must be based upon ade- 
quate analysis of student misconceptions and systematic ef- 
forts to assist each student to build new concepts based upon 
his present knowledge (30). : 

Cheney (20) constructed a test using many test items from 
the instrument prepared by Dutton to measure elementary 
school teachers’ understanding of basic arithmetical concepts. 
The test was administered to 120 teachers in eight selected ele- 
mentary schools in Ventura and Los Angeles counties. His 
conclusions were similar to. the findings of Dutton, that teach- 
ers understand some aspects of arithmetic they teach to chil- 
dren but have difficulty with other phases. The most difficult 
items for teachers (in this one sampling) were place value, 
remainders in division, fractions involving multiplying and 
dividing, comparison of decimal fractions, and use of de- 
nominate numbers. Primary-grade teachers (K-3) scored much 
lower than intermediate-grade teachers—the mean scores oA 
ing 29.91 for primary- and 38.74 for intermediate-grade a i 
ers out of a possible score of 52. This difference was significant 


well beyond the one per cent level. 

Cheney’s study is important for 
careful review of research studies d ling \ 
of teachers’ understanding of arithmetic points 
of studies and valid instruments in this area. (2) He accen- 


several reasons: (1) His 
ealing with the evaluation 
out the paucity 
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tuates the important fact that teachers have difficulties with 
certain aspects of arithmetic and that wide differences exist 
among teachers. (3) Primary-grade teachers seem to have an 
understanding of the simple concepts taught to young children 
and have neglected more advanced concepts taught in inter- 
mediate grades. 

The few available research studies indicate that elementary 
school teachers should examine their own understanding of 
the basic meanings in arithmetic. Having learned their arith- 
metic in a mechanical way and often as a skill subject, they 
may have serious difficulties teaching arithmetic meaningfully 
to children. Thus, meaningful teaching and meaningful learn- 
ing are closely related. The evaluation of pupil understanding 
of arithmetical concepts cannot be divorced from evaluation 
of teacher understandings of the same processes. 

Evaluation of pupil understanding of arithmetic in Europe. 
One study made in the French-speaking countries of Europe 
has a direct connection with the importance and evaluation of 
pupil understandings of arithmetical concepts. A team of edu- 
cational psychologists in Paris interviewed children between 
the ages of eleven and thirteen to discover their difficulties in 
working arithmetical problems. The most common mistakes 
were caused, according to this study, by failure to understand 
the problems from a practical point of view and the incapacity 
to show the correct mathematical relationships corresponding 
to the elements involved in the problems. Very few children 


were able to correct a mistake made in their own problems 
(44). 


Arithmetic in English and Scottish schools 


William Brownell has been studying arithmetic teaching in 
English and Scottish schools. While his studies are not at this 
time directed toward pupil understanding or arithmetical proc- 
esses, he has been able through the use of observation tech- 
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niques to point out certain characteristics of arithmetic in- 
struction in lower grades. Brownell believes: 


. we have seriously underestimated the attention span of 
school beginners. We have held that beginners cannot remain 
interested in anything and keep their attention thereon for 
more than a relatively few minutes at a time—say fifteen, 
twenty, or thirty minutes. In the English and Scottish schools 
we saw infant school children working happily, busily, and 
effectively at number tasks throughout periods of an hour or 
more. We have seriously underrated the “readiness” of school 
beginners for systematic work in arithmetic, We can safely ask 
children in the lower grades to learn much more in arithmetic 
than we are now asking them to learn (8). 


Guy Buswell (15) made a comparative study of achieve- 
ment in arithmetic in England and Central California. The re- 
sults of this study indicate that English children, who begin 
formal arithmetic at five years of age and vigorously prepare 
for their “L1-year plus” examinations, achieve much more than 
California pupils of the same age. This study does not deal 
with pupil understanding of arithmetical concepts. It does, 
however, point out the importance of the philosophy and ob- 
jectives of education. If we so desired, arithmetic could 
be introduced earlier, time allotments could be increased, and 
additional content could be taught. Evaluation of such a pro- 
gram should then be made in terms of achievement and 
understanding. vu 

Buswell’s study does not indicate a lack of ability to learn 
arithmetic on the part of California pupils but rather that the 
school programs in England and California are quite different. 
Also the place of meaningful teaching and the evaluation of 
pupil understandings have again been overlooked in an im- 
portant comparative study! Neither English nor American 
school systems should be satisfied with an arithmetic program 
based upon computational skills alone. 
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CONCLUSIONS ON EVALUATION OF PUPIL 
UNDERSTANDING OF ARITHMETIC 


The evaluation process involves three important elements: 
(1) evaluation of the comprehensive range of objectives, (2) 
the use of a variety of techniques to secure data on pupil 
progress, and (3) emphasis upon the child’s total personality 
development. The application of modern evaluation processes 
to the arithmetic program has been disappointingly slow and 
continues to be the most neglected aspect of arithmetic 
teaching. 

Standardized achievement tests have not been designed to 
measure all arithmetic outcomes. They are not valid measures 
of the classroom teacher's instructional objectives, and they 
place undue emphasis upon computational skill. At best these 
tests provide rough estimates of pupil accomplishment in arith- 
metic. Regardless of the shortcomings of these tests, they have 
been used to show teaching proficiency, pupil accomplishment, 
and even effectiveness of some modern mathematical pro- 
grams! The strangle hold of this type of measurement must be 
broken in order to establish procedures which are valid and 
which cover the entire range of the teaching-learning act. 

Understanding the successive levels of pupils’ thinking and 
helping children develop clear meanings at every stage of the 
learning process are basic to sound instruction in elementary 
school mathematics. In fact, the extent to which provision is 
made for these factors will determine the success or failure of 
modern mathematical programs. 

Research studies based upon a variety of tests show that 
teachers and administrators have not made meaningful teach- 
ing one of the primary objectives in the elementary school 
arithmetic program. Objectives for elementary school mathe- 
matics have been clearly stated, and adequate techniques for 
evaluation have been devised; thus, the main excuses for the 
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faltering delays in the application of modern evaluation pro- 
cedures have been eliminated. The challenge of introducing 
modem mathematics programs and insuring their success will 
be thwarted if present evaluation practices are continued. 

Evidence is available to show that there is a very close 
relationship between meaningful teaching and meaningful 
learning. The classroom teacher must have a clear understand- 
ing of each new arithmetical concept presented to children. 
The verbal language and instructional aids used must likewise 
be meaningful to pupils and adjusted to their individual 
differences, 

Studies made of arithmetic programs in other countries pro- 
vide valuable information pertaining to readiness for learning, 
length of instruction time, use of sensory-perceptual aids, meth- 
ods of teaching, and importance of educational philosophy. 
Stress needs to be placed upon achievements in teaching and 
in learning which enable pupils to make optimum growth in 
mathematics rather than upon differences between national 


programs. 


NOTES AND PROBLEMS 


l. Secure a copy of a standardized achievement test used in ele- 
mentary schools near your home, or where you work if you are 
a teacher or administrator. Study each test item carefully to see 
if pupil understanding of mathematical processes are being 
measured. 

2. Why has there been such a dearth of tests to measure pupil 
understanding of arithmetic? 

3. Children’s thought process, as they work on mathematical prob- 
lems, should be developed and directed. Several different 
thought processes may be used by children to work a problem 
in subtraction with whole numbers. To test this last statement, 
ask several children to say aloud the actual thinking used to 
Secure an answer for the example 421 — 232. 
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4. How well do you understand basic arithmetical concepts taught 
in the elementary school? Turn to the appendix and take the 
sixth-grade comprehension test. Make a list of concepts and 
processes which you do not understand or which were not taught 
when you were in sixth grade. 


5. Read Guy Buswell’s comparative study (15), “Achievement in 
Arithmetic in England and Central California.” Write a critical 
analysis of the article. Are comparisons adequate and valid? 


LV 


Practical Applications 
of Evaluative Ti echniques 


In Chapter III the necessity for evaluating pu- 
pil understanding of arithmetical concepts was discussed 
and pertinent research studies were reviewed. One of the 
important conclusions made was that little difference exists be- 
tween teaching for understanding and testing of understand- 
Ing. The teacher must be aware of the language and aids used 
to guide children’s thinking and understanding involved in 
earning each new concept. This type of teaching requires the 
use of a variety of evaluative procedures for discovering pupil 
growth in understanding new arithmetical concepts. This 
chapter will include: (1) the construction and use of tests to 
Measure pupil understanding of selected arithmetical concepts 
m grades three through six and (2) suggestions for informal 
evaluation which should be used in the day-by-day teaching 
of arithmetic,1 


Sane i 
bı ample Arithmetic Comprehension Tests (grades three through six) have 
een included in the appendix. 
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TESTS FOR MEASURING PUPIL 
UNDERSTANDINGS 


There are few valid and reliable tests available for teacher 
use in evaluating pupil understanding of arithmetical mean- 
ings. While textbook publishers are including evaluation tests 
in their revised editions prepared because of the mathematical 
revolution, teachers and curriculum workers still need to pre- 
pare their own tests to measure this crucial aspect of the arith- 
metic program in the elementary schools. There are distinct 
advantages in teacher-made tests because: 


1. Each school system should make its own tests to cover particular 
instructional objectives. 


bo 


Tests can reflect new content, changes in methodology, and local 

standards. 

3. When teachers prepare test items, they must thoroughly understand 
the concepts being measured. 

4. Improvement of instructional practices and curriculum development 

should be based upon valid evaluation of the objectives established 

for the total program. 


wt 


. More opportunity exists for involvement of the professional education 
staff and lay workers in this type of evaluation. 

The sample tests which will be presented in this chapter may 
be used as beginning instruments for evaluating selected arith- 
metical concepts in grades three through six. It is hoped that 
these tests will inspire teachers to check pupil understanding 
of each new arithmetical concept they teach. Experience with 
using these test items should encourage teachers to develop 
other test items and evaluative techniques especially suited to 
the children and the concepts being taught. 


Suggestions for test construction 


Each of the tests reported in this chapter has been developed 
according to sound principles of test construction. The relia- 
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bility coefficients are within the range of acceptability estab- 
lished by authorities (.80 to 95) (40). The validity has been 
carefully provided for by content analysis of books and courses 
of study in grades three through six and the use of a panel of 
teachers and supervisors to determine the curricular validity 
of concepts included in the test. 

Specifications for Tests. A study was made to determine 
the major arithmetical concepts presented at each grade level. 
This was accomplished with the assistance of experienced, ele- 
mentary school teachers, by searching through the major arith- 
metic textbooks and courses of study and by asking a select 
group of college teachers of mathematics for their assistance 
and appraisal of the items to be covered. The writer is well 
aware of the fact that grade-level standards are very artificial. 
However, the tests do not have to be used in their entirety. 
Selected items may be used at appropriate times after a con- 
cept has been taught. Teachers should be encouraged to use 
appropriate evaluative techniques for each stage of the se- 
quential development of arithmetic concepts—from beginning 
perceptual learnings to use of abstract symbols. 

Objective-type, multiple-choice test items were prepared be- 
cause of the ease and objectivity of scoring. Approximately two 
times as many test items were prepared as were finally in- 
cluded in each sample test. A variety of test items was used so 
that a good sampling of concepts could be made and so that 
each test would be interesting as well as challenging to pupils. 
Some of the choices for incorrect responses were made by 
Presenting children with the main “stem” or question and 
asking them to give their answers. Elementary school teachers 
Were especially helpful in suggesting possible answers for 
multiple-choice test items because they were aware of mis- 
Conceptions and incorrect responses of children in the areas 
being tested. 

Tryout of Test Items. Preliminary test forms were pre- 
pared and used with approximately 150 children at each grade 
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level. Revisions were made, and the tests were administered in 
several cities in Southern California; Harford County, Mary- 
land; and Texas. In this second testing approximately 500 
children at each grade level were tested. Additional revisions 
have been made, and the tests have been used with over 1,000 
pupils at each grade level. 

Norms for the Tests. Since these tests are to be used as 
diagnostic tests, no norms have been established. Studies of 
the difficulty of each test item have been made in order to check 
reliability of the tests and to make appropriate revisions. 
Theoretically, one would expect children to make high scores 
on the tests if instruction was adequate and if the new concept 
being taught was within the ability level of the pupils involved. 
Interpreting and using of test results will be made in connec- 
tion with the discussion of each test. 


Arithmetic comprehension test, grade three 


The third-grade test will be presented by using the results 
obtained from one application of the test to 256 pupils in a city 
school system located in Texas. Schools used in the study were 
selected on the basis of socio-economic status. One school rep- 
resented a relatively high socio-economic level, three schools 
enrolled pupils from a middle-class district, and two schools 
had pupils from lower socio-economic levels. There were 120 
boys and 136 girls. The I.Q. range was from 90 to 137 with a 
median of 104. The testing was given during the first week in 
May, 1961, so that the basic arithmetical concepts for the third 
grade would have been completed. The results are shown in 
Table I. 
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TABLE I 


Analysis of Pupil Difficulties in Comprehension 
of Third-Grade Arithmetic 


Incorrect Per cent of total; 
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Item Description responses wrong right 
1 Place value—tens 15 6.0 94.0 
2 Place value—tens 14 5.0 95.0 
3 Place value—hundreds 12 5.0 95.0 
4 Use of zero 72 28.0 72.0 
5 Counting 34 13.0 87.0 
6 Counting 20 8.0 92.0 
7 Understanding addition 22 8.0 92.0 
8 Addition with three-place numbers 28 11.0 89.0 
9 Understanding addition 12 5.0 95.0 

10 Addition vocabulary 140 55.0 45.0 

Il Column addition 34 13.0 87.0 

12 Adding one and two places 67 26.0 74.0 

13 Place value—tens 156 60.0 40.0 

14 Understanding subtraction 36 14.0 86.0 

15 Understanding subtraction 76 30.0 70.0 

16 Regrouping in subtraction 50 20.0 80.0 

17 Understanding subtraction 12 5.0 95.0 

18 Understanding subtraction 46 18.0 82.0 

19 Regrouping in subtraction 156 one ae 

20 Understanding subtraction 58 23.0 i 

21 Fourths—fractional parts 84 33.0 67.0 

22 Thirds—fractional parts 62 24.0 10 

23 Halves—fractional parts 29 110 Bi 

24 Fourths—fractional parts 127 sl zy 

25 Telling time 12 . : 

26 Telling time a i ee 

27 Triangle a Bo Yes 

28 Liquid measure = S0 Ben 

29 Linear measure a è Y 

34 13.0 87.0 

30 Roman numerals eg au i 

31 Roman numerals a 5 

132 52.0 48.0 

32 Seasons of the year 16 60 94.0 

33 Money-signs and symbols a Aa ion 

34 Money—addition s : i 
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There are three ways to analyze the test results for grade 
three: city-wide results, individual school performance, indi- 
vidual pupil performance. 

City-wide considerations. The two most conspicuous diffi- 
culties which should be noted by curriculum workers and 
supervisors interested in city-wide performance on this test 
are items 13 and 19: 


13. In the problem 14, what number is carried? 
+18 
a. 1 one 
b. 2 ones 
c. 1 ten 
d. none of these 


19. 48 To subtract in this problem, we must: 
—19 


a. c 

b. regroup the 4 tens 

c. regroup the 1 ten 

d. subtract without doing anything else first 


These two test items involve carrying (one ten) and regroup- 
ing (four tens). There is a good possibility that these two proc- 
esses have been taught mechanically or that different terminol- 
ogy has been used. The fact that 60 per cent of the pupils 
selected incorrect responses is significant, particularly when 
these are key concepts in third-grade arithmetic. 

Although reading difficulties were reduced to a minimum 
and test administrators were requested to read test items where 
pupils had difficulties (except key concepts or ideas), item 10 
may involve a word clue which was not taught or understood 
by children in some classrooms: 


9. Three girls were playing ball. Two boys came to join them. 
How many children were there altogether. Would you: 
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a. subtract 
b. add 
c. multiply 
10. The clue to the problem above is: 
a. playing ball 
b. how many 
c. altogether 


Although teaching children to look for clues in problem-solving 
is not too helpful, the identification of obvious helping words 
is one way to give children assistance. 

Seasons of the year, item 32, was missed by 52 per cent of 


the children: 


32. November comes in which season of the year? 
a. spring 
b. autumn 
c. winter 
d. summer 


This could mean that little attention was given to this topic or 

pupils did not know the word autumn. T hey may have been 

taught fall instead of autumn. i ; 
Other test items which reveal useful information for city- 


wide study are: 


4, In the number 90, the zero: 
a. doesn’t have to be there 
b. means nothing 
c. holds the ones place 
d. holds the tens place 


This problem involves the use of zero as a place holder. If 28 
per cent of the students did not know this important fact, some 
study should be made to discover the difficulties involved in 


teaching the process. ; 
In item 15, 30 per cent of the pupils did not select d as the 


correct response: 
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15. 87 To subtract in this problem, we must: 
—15 


. make the 7 ones larger 
. make the 1 ten larger 
. make the 5 ones larger 
. none of these 


amarr 


Other test items which showed pupil leaming problems 
were: identifying the colored part of a circle (item 21), missed 
by 33 per cent; size of a quart (item 28), difficult for 24 per 
cent; and reading the Roman numeral XII (item 31), missed 
by 21 per cent of the pupils. 

Individual School Performance. The results of this test 
should be studied by each school involved in the sampling. 
One school might be especially weak in the meaningful teach- 
ing of some particular concept. This fact might also show up 
on the city-wide test results because of the large number of 
pupils missing a test item, such as number 19, which deals with 
regrouping in subtraction. 

Individual Pupil Performance. The use of test results to 
study individual pupil progress in understanding arithmetic 
concepts is probably the most important of all three interpreta- 
tions. The classroom teacher should discover pupil weaknesses 
and remove them if possible by the close of the school term 
or let the next year’s teacher know about the inadequacies. 
This, of course, raises the important question of when to test. 
Obviously, the testing must be an integral part of every new 
learning situation. This test was given at the close of the year 
primarily for standardizing the test and for discovering gen- 
eral teaching procedures in one school system. 


Arithmetic comprehension test, grade four 


The fourth-grade test was administered to 212 children in 
one school system in Ventura County, California. The testing 
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was done during the last of May, near the close of school. 
The children were selected from all elementary schools in the 
district and covered all socio-economic levels. The 1.Q. range 
was from 86 to 145. The range of scores, item analysis, and 
interpretation of data follow. 

The histogram (see Fig. 4-1) shows the scores made by 
fourth-grade pupils. The range was 8 to 40, with a possible 
score of 48, The mean score was 23.56, the median 25.56, and 
the mode 33. 

The distribution was approximately normal. Both the mean 
and the median fell near a score of 50 per cent on the test, 
indicating that the average student understood about half of 
the concepts included in the test. 

Item Analysis. The item analysis for the fourth-grade stu- 
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Fig. 4-1. Distribution of fourth-grade pupils’ scores on arithmetic 
comprehension test. 


70 Practical Applications of Evaluative Techniques 


dents’ scores is shown in Table II. The scores were arranged 
in numerical order; the upper 25 per cent make up the upper 
quartile; the lowest 25 per cent make up the lower quartile. 

The discrimination index indicates the degree to which each 
item discriminates between the upper quartile and the lower 
quartile. The higher the discrimination index, the greater the 
discrimination between the two groups. A negative discrimina- 
tion index (items 16, 30, 31, and 46) shows that the lower 
quartile gave more correct scores on the item than did the 
upper quartile; hence, a negative discrimination. 

The difficulty index indicates how difficult each item was 
for the entire group taking the test. The higher the difficulty 
index, the easier the item. 

In general, an item is thought to be a good test item for 
group testing if the discrimination index is 20 or above and the 
difficulty index is 39 or above. 

Interpretation of Item Analysis. The ten test items which 
were least difficult for the upper quartile and the lower 
quartile and the ten items which were most difficult for the 
two groups are shown in Fig. 4-2, on page 72. 


TABLE II 


Item Analysis of Fourth-Grade Pupils’ Scores 
on Arithmetic Comprehension Test 


Upper Lower Discrimination Difficulty 
Item quartile quartile index index 
1 84 28 57 56 
2 82 24 58 53 
3 88 44 49 66 
4 94 40 62 67 
g 96 58 56 77 
6 76 28 48 52 
T 92 64 40 78 
8 92 72 32 82 
9 72 26 46 49 
10 72 40 33 56 
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Upper Lower Discrimination Difficulty 
Item quartile quartile index index 
11 100 66 65 82 
12 94 60 48 77 
13 32 10 32 21 
14 100 44 75 72 
15 90 38 57 64 
16 26 32 -7 29 
17 96 36 69 66 
18 82 12 69 47 
19 96 58 56 77 
20 80 16 63 48 
21 70 12 60 41 
22 90 20 70 55 
23 92 32 64 62 
24 100 28 82 64 
25 78 28 50 53 
26 74 26 48 50 
27 56 18 41 37 
28 90 48 50 69 
29 70 34 37 52 
30 14 16 -3 15 
31 24 26 -3 25 
32 94 16 77 55 
33 50 16 39 33 
34 96 28 73 62 
35 44 26 20 35 
36 58 14 48 36 
37 94 24 72 59 
38 98 44 71 71 
39 38 16 28 27 
40 54 10 51 32 
41 74 36 39 55 
42, 66 18 49 42 
43 28 18 13 be 
44 50 16 39 s3 
45 36 26 12 31 
46 4 16 -30 10 
47 52 20 35 26 
48 82 40 45 61 
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UPPER QUARTILE LOWER QUARTILE 
% Giving 
Correct 
Answer 


4 Giving 
Correct 
Answer 


Highest Ten Items 


Lowest Ten Items 


Fig. 4-2. Test items least difficult for uj 


pper quartile and items most 
difficult for both groups. 
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Item] % Top|% Low | Disc. | Diff. 
No. | Group | Group | Index | Index 
14 | 100 | 44 75 | 72 | Temperature is measured in 
a) peunds 
b) degrees 
c) hours 
d) days 
11 | 100 66 65 82 The longest time is 
a) month 
b) year 
c) week 
d) second 
38 | 98 44 71 71 Look at the example 
20 


pa YA 
John Mary Sue Hal Tommy 
Who got the most words right? 
a) John 
b) Mary 
c) Hal 
d) Tommy 


19 96 


58 


56 


17 


The most money is 
a) $1.40 
b) $4.10 
c) $4.01 
d) $0, 41 


This line is cut into 


a= = a) 


a) halves 
b) fifths 

c) fourths 
d) thirds 


Fig. 4-3. Test items easiest for both groups. 
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concepts, place value (items 15, 16), concepts of measurement 
(items 35, 39, 42), and knowing the base of our number sys- 
tem (item 21), indicate that for most children in this study 
arithmetic had been taught in a mechanical way with heavy 
emphasis upon computation rather than understanding. 

While more detailed analysis could be made of the data, the 
main purpose of showing how the fifth-grade arithmetic com- 
prehension test could be used in diagnostic work with school 
systems or a particular class has been achieved. A sample of 
the test used has been included in the appendix. 


TABLE III 


Per Cent of Correct Pupil Responses on the Fifth- 
Grade Arithmetic Comprehension Test 


Per cent 

Item correct Arithmetical concept measure 
16 1.0 Regrouping in division—place value 
15 17.0 Place value 

42 20.0 Measuring devices and terms 

39 22.0 Square measure 

35 24.0 Reading a line graph 

32 26.0 Decimal equivalents 

21 29.0 Base of number system 

36 31.0 Area 

45 31.0 Denominate numbers—regrouping 
19 34.0 Multiplication factors 

11 35.0 Addition of fractions 

37 37.0 Perimeter 

43 41.0 Denominate numbers—addition 

5 42.0 Meaning of mixed numbers 

41 43.0 Measuring device 

40 48.0 Area 

38 48.0 Perimeter 

29 49.0 Decimal meaning 

10 49.0 


Reduction of fractions 
1 51.0 Rounding off 
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Per cent 
Item correct Arithmetical concept measure 
14 52.0 Place value 
25 55.0 Place value in partial product 
13 55.0 Addition of fractions 
28 57.0 Measuring device 
26 57.0 Division—quotient place value 
30 64.0 Decimal place value 
17 64.0 Roman numerals 
8 68.0 Multiplication—problem-solving 
18 70.0 Roman numerals 
31 71.0 Fractional units of measure 
6 72.0 Fractional units of measure 
4 76.0 Fractional part of a number 
9 77.0 Subtraction of fractions 
7 78.0 Division—problem-solving 
12 79.0 Picturing fractional meaning 
34 80.0 Interpretation of bar graph 
23 81.0 Multiplication—problem-solving 
24 81.0 Division—problem-solving 
3 81.0 Decimal comparison 
2 83.0 Decimal comparison 
44 81.0 Measurement term 
27 84.0 Interpreting circle graph 
33 87.0 Interpreting bar graph 
22 89.0 Subtraction—problem-solving 
20 91.0 Value of money 


Arithmetic comprehension test, grade six 


The sixth-grade arithmetic comprehension test was admin- 
istered to 495 pupils in the Los Angeles area. Schools were 
Selected so that a cross section of the city’s population was 
obtained. Tests were given during the final month of school so 
that scores from standardized achievement tests would be 
available and so that pupils would have covered the main 
arithmetical concepts required at this grade level. Compari- 
Sons were made between pupil performance on the California 
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Achievement Test in Arithmetic and the Arithmetic Compre- 
hension Test developed at U.C.L.A. 

1.Q. scores for this study ranged from 70 to 155 with a 
median of 107.7. The results of the Achievement Test are 
shown in Table IV. The median for CAT computation was 
7.39. For arithmetic reasoning on the CAT the median was 
7.83. Considering the 1.Q. distribution for this sampling, these 
achievement records are quite good. 


TABLE IV 


Sixth-Grade Arithmetic California Achievement Test 
Results and I.Q. Scores 


Grade CAT CAT LQ. 
level computation reasoning score Pupils 
155 1 
11.5 1 150 1 
11.0 1 1 145 1 
10.5 8 1 140 2 
10.0 10 3 135 8 
9.5 32 20 130 15 
9.0 46 51 125 18 
8.5 56 59 120 48 
115 53 
8.0 80 80 110 66 
15 62 39 105 74 
7.0 70 63 100 64 
6.5 62 89 95 53 
6.0 42 32 90 46 
5.5 19 17 85 23 
5.0 4 22 80 9 
4.5 0 8 75 10 
4.0 2 5 70 3 
3.5 — 3 
3.0 — 2 
25 = =s 
2.0 — J= 
15 = = 
1.0 = = 
N = 495 
M = 107.7 


N=49 M=7.39 M—7.83 
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Pupil performance on the arithmetic comprehension test is 
shown in the histogram, Fig. 4-5. The range was 2 to 40, with 
a possible score of 46. The median was 20.93. The distribution 
of scores is skewed to the lower end of the scale, showing very 
little understanding of the arithmetic concepts measured by 
this test. The fact that the central tendency is well below 50 
per cent correct on the comprehension test is indicative of 


No. of Pupils 
60. 


] 


404 


304 


20. 


10. 


4 8 12 16 20 2 28 32 36 40 
Test Score 


Fig. 4-5. Sixth-grade pupil performance on University of California 
Arithmetic Comprehension Test. 
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poor pupil performance. Concepts which were most difficult 
for pupils to understand were: place value in quotient in 
division; understanding multiplication and division; under- 
standng multiplication and division of fractions; work with 
denominate numbers; partial products in multiplication; and 
placement of the decimal in decimal fractions. 

The discrimination and difficulty index is shown in Table V. 
Reading the table from left to right: on the first test item, 94 
per cent of the upper quartile and 52 per cent of the lower 
quartile gave correct answers to the test item; the discrimina- 
tion index was 55 and the difficulty index was 73. 


TABLE V 


Discrimination and Difficulty Index for 
UCCT Arithmetic Test, Grade Six 


Upper Lower Discrimination Difficulty 
Item quartile quartile index index 
1 94 52 55 73 
2 96 58 56 17 
3 82 12 69 47 
4 86 12 72 49 
5 80 36 46 58 
6 74 10 65 42 
7 70 4 72 37 
8 56 16 44 36 
9 28 18 13 23 
10 38 22 4 40 
11 90 44 53 67 
12 80 2 81 41 
13 28 0 70 13 
14 36 22 17 19 
15 56 10 53 33 
16 72 58 15 65 
17 78 4 76 41 
18 84 8 75 46 
19 8 10 alk 9 
20 66 24 
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Upper Lower Discrimination Difficulty 
Item quartile quartile index index 
21 64 10 58 37 
22 46 18 32 32 
23 82 28 54 55 
24 90 30 63 60 
25 82 32 51 57 
26 44 24 22, 34 
27 72 42 31 57 
28 92 42 58 67 
29 48 8 51 28 
30 96 22 76 59 
31 48 14 40 31 
32 68 12 58 40 
33 68 14 56 41 
34 68 6 67 37 
35 92 48 53 70 
36 22 6 31 14 
37 22 10 21 16 
38 12 18 11 15 
39 50 8 52 29 
40 82 44 41 63 
41 62 20 44 41 
42 88 20 67 54 
43 60 2 73 31 
44 60 16 47 38 
45 44 12 39 28 
46 80 30 51 55 


CONCLUSIONS ON MEASUREMENT OF 
PUPIL UNDERSTANDINGS 


The results of the UCCT tests administered to pupils en- 
rolled in grades three through six in four different school sys- 
tems pointed out the inescapable fact that mathematical un- 
derstandings are not being adequately taught or evaluated in 
these elementary schools. While lip service has been given to 
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the importance of teaching arithmetic in a meaningful way, 
little has been done to accept the point of view that as new 
processes are presented the basic understandings must be de- 
veloped and evaluated. Because of this discrepancy between 
teaching and evaluation of all objectives of arithmetic instruc- 
tion, the preparation of practical, day-by-day procedures for 
evaluation have been presented in the next section, 


INFORMAL EVALUATION OF PUPIL UNDERSTANDING 
OF ARITHMETICAL CONCEPTS 


Making use of available evaluation techniques and learning 
how to develop new methods of evaluation are not easy for 
the elementary school teacher. Good judgment must be used 
in deciding how much evaluation will be used by a particular 
teacher with a particular group of children. Since evaluation 
activities require careful planning and continued emphasis if 
they are to be successful, suggestions for beginning evaluative 
work are needed: 


1. The teacher needs to know the s 
struction, Do not attempt too m 
around some specific purpose. 

2. The teacher must know the 


pecific objectives established for in- 
uch. Each lesson should be centered 


has been indi 


» and (4) giving a short paper 
; al skill ing o: 
the concept being taught, and application of the pany ine e 

se of the evidence collected. Again note 
d work with pupils, the desired behavior 
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is recognized and secured. Thus, elaborate records of pupil growth 
may not be needed. However, if some pupils have mastered the new 
arithmetical step or concept and others have not, notes must be made 
to direct additional planning and instruction. If some provision is 
made for grouping and individualized instruction, records must be 
kept of pupil progress to insure continuity of teaching and learning. 

. Finally, the teacher should concentrate on evaluation which involves 
diagnosing of pupil difficulties, determining pupil readiness for new 
processes, and appraising pupil understanding of basic mathematical 
concepts. While the long-term aspects of evaluation involving achieve- 
ment and survey comparisons are important, the classroom teacher 
should leave much of this work to curriculum workers and administra- 
tors and concentrate on the day-by-day instructional program. 


Since this book is concerned primarily with the evaluation 
of mathematical understanding, the illustrations which follow 
will deal with procedures which can be applied in directing 
pupil growth in the understanding of some of the most crucial 
mathematical concepts which children must learn as they 
advance through the elementary school. 


uw 


Practical evaluation at primary level 


Cardinal Idea of Number. One of the first number con- 
cepts developed with young children is “how many?” This 
use of number has a special meaning, the cardinal idea of num- 
ber. How do we teach a child what three means? First, by sets 
of objects, then by pictures of objects, and finally by the use 
of the abstract symbol 3. 

By the use of one-to-one correspondence for sets of objects 
(a matching or pairing between two sets) the idea of equiv- 
alence of sets is learned. Three girls could be matched with 
three boys. Then other sets of objects equivalent to this set 
could be used to show that the nature of objects in each 
set may be disregarded, and the concept of number (how 
many?) remains. Ideas of many and few or greater than and 
less than should likewise be learned. The evaluation of pupil 
understanding is important for each new aspect. By observa- 
tion the teacher can see if a child can use one-to-one corre- 
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spondence to identify equivalent groups. The child can be 
asked to point to a set with many objects and then to a set with 
few objects. Another technique is to ask the child to make 
a circle or curved enclosure and show many marbles or marks. 
Then have him show less than his first picture in a second 
drawing. Finally, the child can be asked to tell how many balls 
are on the table, followed by writing the numeral 3 to avoid 
reversals and to insure correct formation of the numeral. 
Thus, the evaluation involved in guiding the learning of 3 
erstanding of basic vo- 
cabulary, application of “threeness” to many sets of objects, 
saying the number, making representations of the number, and 
acher with an opportunity 
to observe coordination and dexterity ). 
This important con- 
problem: How much 


T can 


nn e - The children reply, “How much money 
is a boxes?” By counting, the children discover that there 
is 81¢. 

Moving from the c 


7 oncrete to semiconcrete, the teacher can 
have a child show 45 


¢ on a place-value chart (line one) 


TENS | ONES 


Seecs 


Seeece 
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and 36¢ more on the same chart (line two). Still another child 
can complete the addition by making one bundle of ten from 
the ones column and carrying the one ten to the tens column. 
Thus 4 tens, 3 tens, and 1 ten carried makes 8 tens; only one 
remains in the ones column: 


8 tens + lone = 81 


After several problems are worked with the use of the pocket 
chart, the children are probably able to use individual charts 
and paper slips to work examples. 


Examples: 
35 46 39 33 TENS ONES 


+7 47 +22 427 


Pupil place- 
value chart 
made of 

8” X 11” 
chipboard 


The teacher can observe pupils’ work with the pocket charts. 
If a child seems hesitant, the teacher can ask the child to say 
each step of the problem to determine how the child is think- 
ing and working. 

As a final step, probably on another day, the teacher can 
place these examples on the chalkboard: 
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This exercise should enable the teacher to obtain some measure 

of pupil understanding of the new process. If the work has 

been carefully presented in the first two steps, children will be 
37 

able to carry the ten without using a crutch, es , placing the 


L 
one ten over the 3 to obtain an answer of 81. Children who can- 


not carry the one ten (by thinking) may not be ready for the 
abstract stage, or they may need to use the individual place- 
value chart a little longer. 

Evaluative techniques used in this sample lesson included 
the large place-value chart, money, and individual place-value 
charts. The aids were used to help children structure the prob- 
lem and their thinking. Opportunity was provided for the 
teacher to observe pupils and to determine whether they 
understood the work at each stage of learning process. 


Evaluation procedures for intermediate 
and upper grades 


Identifying the Meanin 
dren must be taught the 
as 2 X 3 = 6. This is ordi: 
child’s understanding of 


use a simple number lin 


g of a Factor in M ultiplication. Chil- 
meaning of a multiplication fact such 
narily taught in third grade. To test a 
what this fact means, the teacher can 
e and have a child illustrate the fact: 
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2x3=6 
3 3 
3K. 

A ave X 
0 1 2. 3 4 5 6 
y v F 
2 2 2 
3x2=6 


Division Concepts. To test a child’s understanding of meas- 
urement and partition in division, use markers or draw circles. 

Ask the child to illustrate measurement using the example 
12+4=3: 


S060 GO SO0d 


How many 4’s are there in 12? There are three 4’s in 12. 

To illustrate partition using the same example: Divide 12 
into 4 equal parts. What is the size of each part? The size of 
each of the equal parts is 3. 

To find out how a child thinks in connection with the divi- 
sion process use this example: 6 


43) 2784 
258 
20 
Then ask the child several questions: 


1. Why is the 6 placed over the 8 in the quotient? 
2. Why do we work from left to right in division? 
3. What is the value of 20 shown after subtracting 258 from 278? 
4. Why do we bring down the 4 for the next step? 


If division is taught as repeated subtraction, for example, 
43)2784|60 similar questions may be asked to discover the 
2580 child’s mental processes as they are used in divi- 


204 sion. 
Measurement Concepts—Area and Volume. It is advisable 
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for the teacher to have cutouts of square inches, square feet, 
and square yards. This can be done with linoleum remnants. 
The child will then have an understanding of relative sizes of 
the units used in square measure. The real understanding of 
the meaning of area will be achieved as the pupil covers sur- 
faces with these cutouts. 

One sample test item to measure pupil understanding of 
area is: How would you draw a diagram to show how many 


square inches there are in one square foot? The child should 
have a diagram similar to this: 


12 inches 


12 inches 
12 inches X 12 inches — 144 inches 


Or he may actually draw out all lines to count 144 squares. 


The volume of 4 box, or rectangular parallelepiped, can be 
measured directly. A box that is 2 incl 


tal layers. Each layer 
cubic inches, by actual count. The total 


on area, the teacher should have a box or bl 


senting the 2” X 3” X 4” so that children ¢ 
the cubic inches, 

i ae but useful questions to measure pupil understanding 
oi 


surfaces of the box just described are: how many surfaces 


——— 
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does the box have? or, how many surfaces can you see if the 
box is placed on the desk? 

Multiplication of Fractions. Diagrams of circles, rectangles, 
and line segments should be used to present new processes in 
working with fractions. For introductory work a circle may be 
used because a fractional part of a circle is easy to distinguish. 
A fractional part of a rectangle, removed from the original 
whole, may be mistaken for another whole rectangle. 

To discover whether a pupil understands this problem, 
6 X 1⁄2, the pupil should be able to tell how many. Thus: 


6X %means%4#+44+%4+%4+%4+%5=3. 


In this example the multiplication is treated as successive addi- 
tion. Or the pupil may use a number line to show his answer. 


In working the example, %4 X 6, the multiplier is a fraction. 
It is not an integer, so it cannot tell how many. This creates a 
difficult problem. How can we tell whether a pupil under- 
stands this process? If the process has been taught carefully 
and with understanding, the child should be able to reason 
thus: the %4’s means that something has been broken into 
three equal parts and two of the equal parts have been taken. 
Applying this meaning to 6, divide 6 into three equal parts and 
then take two of them. If 6 is divided into three equal parts, 
the size of each part is 2. Take two of these equal parts. The 
result is 4, Then 2⁄4 X 6 = 4. Or consider a diagram: 


OO0O00 


This illustrates 6. Now divide 6 into three equal parts: 
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Take two of these equal parts: 


O0 000G 
The result is 4. Thus, 24 X 6 = 4. 
OO SO 


Division with Fractions. Division involving fractions is the 
most difficult process for teachers to present in a meaningful 
way. There is considerable evidence to show that many teach- 
ers do not fully understand the process themselves. For this 
reason they teach the process mechanically, using the time- 
wom rule “invert the divisor and multiply.” Several sugges- 
tions for the teaching of division involving fractions will be 


given. Each step involves careful evaluation of pupil under- 
standing of the process. 


Use Princi 
First. Child 


n with whole numerals. So in the 
example, 6 + 12, the work can be interpreted in two ways: 
6 is divided into two equal parts; what is the size of each part? 


xample, 6 + 1⁄2, the 


By actual count there are twelve 4’s in 6, so 6 +% = 12, 
Consider the example 1⁄2 = 4, The divisor is 4, which is an 
integer. In this case the language of partition can be used. 


Practical Applications of Evaluative Techniques 91 


Thus, 1⁄2 + 4 means: % is divided into four equal parts. What 
is the size of each of the equal parts? 


+4=% 

Now consider the eon “ue = Y%. The divisor is a fraction, 
%. The language of measurement must be used. How many 
%4’s are there in 1⁄2? By this time children should be able to 
think the answer. To test their understanding, ask a pupil to 
make a drawing showing the correct answer. He may use a 
circle, rectangle, or number line. 


There are two %4’s in %. 

Other methods to work problems involving division with 
fractions should be used before introducing the inversion proc- 
ess. The author has found three methods which enable children 
to understand division with fractions. 

1. Repeated subtractions. This is a simple process and is 
most useful in problems requiring the child to find a solution 
by thinking, “How many times can I subtract the divisor?” 
This, of course, is the idea of measurement. In the example 
3 + ¥, the child can think: how many times can % be sub- 
tracted from 3, successively? In this case: 3 — % = 2% — 


rol 
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Y2 = 2—¥...and so on. By actual count % can be sub- 
tracted 6 times from 3, successively, so 3 + % = 6. 

2. Inverse process. Children have learned that division is the 
inverse of multiplication. For example, 24% + % can be ipo 
tionalized in this way: what must I multiply % by to get 24i 
The answer would be 5. This could easily be checked by think- 
ing % X 5 is 2⁄2. With this process, many children can be 
encouraged to use a variety of methods in solving mathe- 
matical problems. F lexibility in one’s approach is highly desir- 
able. 

3. Common denominator. Another way to explain division 
of fractions is to change both fractions to a common denomi- 
nator. Then: 


y == a y, 


Now % = % is like 3 dollars divided by 2 dollars; it is 3 
fourths + 2 fourths, The result is the quotient of the numerators 
1% 
2) 3 
2 
p 


or 3-2 = 11⁄2. 
The use of the familiar rule 
can be introduced after childr 
tions and have had ex 
described. This rule ( 
multiplication. 


To give meaning to this rule, consider the following ap- 


proach: the example 2+ 14 means—how many times is 1⁄4 con- 
tained in 2? This can be illustrated: 


£2 | £ 
E| 


2+4 =8 


» invert the divisor and multiply, 
en understand division with frac- 
perience using the three methods just 
invert and multiply) reduces division to 
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Each unit contains 4 fourths, so 2 units contain 
2 X 4 fourths = 8 fourths. 
So: 2+ 1⁄4 =2X 4 =AX A=8 


Now consider 2 + %4. The divisor 3⁄4 is twice as large as 
%, so % will contain 2 only % as many times as 1⁄4 is con- 
tained in 2. Thus: 2+ %4 = 4% X % = % = 4. To find how 
many times 1⁄4 is contained in 2, simply multiply 2 X 4 or 
2 X %. To find how many times % is contained in 2, simply 
multiply by 4 and then divide by 2, or 
2X% =%=4. 
By converting to improper fractions, all six cases found in 
the division process can fit the case: fraction ~ fraction. 


2+"%=A+"% 4+1Ww=%+% 
w+r+2=%y+H% 1⁄2 +4 =% 
e e 4⁄2 +h =% 


After these conversions have been made, the rule can be 
given: invert the divisor and multiply. Thus, 


2- =A =AXA4. 


It should be apparent that the presentation of these division 
processes has been based upon a meaningful approach. Evalu- 
ation of pupil understanding should be an integral part of this 
process. There are, however, several simple techniques which 
can be used to collect information about pupils’ understand- 
ing and application of division with fractions. 


1. Which one shows 


2+1? o0 0090pgp 


2. Show with circles, rectangle, or number line 
2+%¥%. 
3. Show with a rectangle or number line and tell what the 


answer Gavolves a remainder) means in 
14 +%. 
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4. Make a word problem involving a whole numeral divided 
by a fraction. 


5. Write a word problem showing a fraction divided by a 
whole numeral. 


Exercises of this type provide ample opportunity for the 
teacher to determine whether children understand and can 
apply basic mathematical principles. In example 3 above, most 
prospective teachers are not able to work this problem and 
rationalize the process. When experiences are provided for 
them involving the use of the common denominator or succes- 
sive subtraction methods, they grasp the meaning of this par- 
ticular type of problem (29). When working the example 
1% = ¥, use the measurement concept of division and ask, 
“How many one-thirds are in 114?” Since the units are not the 
same, change 1% to sixths and the 4 to sixths (using com- 
mon denominator). So, 144 = % and Ys = %. Thus, we get 


% = %. This can be rationalized with the use of a number line 
or rectangle: 


EERE) GEG - EEI 
E 4 


% =% = 4% 

There are by actual count fo 

one-sixth left over. The one- 

Thus, there are four and one 
one and one-half. 


our two-sixths in nine sixths and 
sixth is half of another division. 
-half one-thirds (or two-sixths) in 


1 For detailed informati ; i 3 
son plans see: W, Hh Date a * Eas djawings, number lines, and Tes- 


Englewood Cliffs, N. J.: Prentice-Hall, Inc., io tag ton Teachers 
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EVALUATION PROCEDURES USED BY 
TEXTBOOK PUBLISHING COMPANIES 


The revolution in mathematics has stimulated textbook pub- 
lishers to revise their arithmetic series and to include sugges- 
tions for maintenance tests, diagnostic tests, and general evalu- 
ation procedures. Examples from several companies follow. The 
Seeing Through Arithmetic Tests have been designed for use 
with the Basic Mathematics program of Scott, Foresman & 
Company. Tests are designed for use in connection with Books 
3 through 6. The tests have six parts including: problems in- 
volving selecting an answer, computation, selecting equations, 
solving equations, information, and concepts. The tests have 
been administered to a large number of pupils as part of a 
nation-wide experimental testing program. No fixed national 
norms are provided for the tests. Each school system using the 
tests are encouraged to develop their own norms. The pub- 
lishers, however, do supply the users with results of national 
achievement testing so that general comparisons can be made 
each year. A cumulative individual record form is available 
to enable users to accumulate test results over a four-year 
period. 

In the Learning to Use Arithmetic program of D. C. Heath & 
Company, inventory tests, diagnostic tests, maintenance tests, 
reviews, mastery tests, and problem-solving tests are placed at 
strategic points throughout the tests. The authors make the 
point that “to test is not necessarily to evaluate.” It is the pur- 
pose for which the test is used and the interpretation of the 
test results in light of this purpose which constitutes an evalua- 
tion. The importance of continuous evaluation, involving both 
teacher and pupil, is stressed. 

Another practical approach to evaluation has been devel- 
oped by the Silver Burdett Company. In the Modern Mathe- 
matics series for Junior High School, attainment tests have 
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been developed for each main chapter of the series. The 
tests are designed to help the teacher measure the extent to 
which students have understood the broad mathematical ideas 
of each chapter and mastered the computational skills in- 


volved. Each test has two parts: Part A tests understanding; 
Part B, computational skill. 


CONCLUSIONS ON EVALUATION OF PUPIL 
UNDERSTANDING OF ARITHMETIC 


The advantages of teacher-made tests and the use of in- 
formal evaluation procedures have been stressed in this chap- 
ter. The writer has given suggestions for the preparation of 
teacher-made tests and has included sample comprehension 
tests in the appendix for grades three through six. 

The arithmetic comprehension tests found in the appendix 
have been used in four different school districts to show the 
need for this type of evaluative work and to present several 
methods for the interpretation and use of test data, The results 
of these tests pointed out the inescapable fact that mathe- 
matical understandings are not being adequately taught or 
evaluated. 

In the last part of this chapter, suggestions for informal 
evaluation of pupil understanding of arithmetical concepts were 
given. Sample problems and teaching procedures were pre- 


sented for evaluating pupil understanding as each new concept 
was introduced. 


NOTES AND PROBLEMS 


measure their un- 
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questions, test items from the comprehension tests, drawings, 
and child-prepared word problems using the new learnings. 
Make a list of pupil learning difficulties and misconceptions for 
the new algorithm taught. 

2. Study one of the tables in this chapter used to show pupil 
response on an arithmetic comprehension test. Make an analysis 
of the arithmetical concepts you believe should be retaught and 
the remedial work needed. 


3. Read reference (83) “Studying Arithmetic” and then list the 
ways teaching aids should be used with elementary school chil- 
dren to provide for individual differences in learning new arith- 
metical concepts. 


4. Construct a set of line drawings to illustrate the main types of 
division of fractions. 


5. What steps would you take to help children identify their own 
difficulties in working arithmetic problems? How could you 
help them to distinguish between mere computation and thor- 
ough understanding of a new process? 


V 


A Point of View 


on Evaluation 


The process of meshing the old with the new has 
always been a challenging problem to the scientist and to the 
educator. If the discoveries and knowledge of the past are dis- 
regarded, there is a good chance that much time and effort 
may be lost in rediscovery or repeating work of merit. Merely 
rehashing old material in a new form, however, can be equally 
wasteful and may even be detrimental to creative thinking. 
With these considerations in mind, the writer has reviewed 
the historical background of the teaching of arithmetic and 
the efforts which have been made to change the content to 
meet the needs of pupils as well as the society of which they 
are a part. A good look has been taken at research studies and 
educational writings of authorities in the field of mathematics 
to discover data to support the recommendations the writer has 
made throughout the book. 


PROBLEM AREAS 


While the reader should have obtained important informa- 
tion pertaining to the development of mathematics in the ele- 
99 
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mentary school up to this point, no position has been taken 
by the writer pertaining to the problem areas identified in 
Chapter I. Admittedly, there are other problems confronting 
educators, mathematicians, and psychologists interested in ad- 
vancing the new mathematics. But the writer feels that the 
problems identified in this book are crucial and require imme- 
diate attention if sound progress is to be made in the teaching 
and learning of mathematics in the elementary school. One 
central theme should be easily identified in this book—teaching 
so that pupils understand each new mathematical concept and 
providing for inclusion of careful evaluation as an integral 


part of every teaching and learning experience connected with 
the new mathematics. 


The new mathematics and the 


purposes of elementary 
education 


The public elementary school was established to provide a 
general education for America’s children. The customs, tradi- 
tions, values, language, history, 
sary for democratic living must 
eration of children. 


Changes which have taken place in the world have been 
caused, to a large extent, by the application of science and 
technology to economic relationships, conservation of human 


and natural resources, group and intergroup living, and inter- 
national relations. Mathematics, one of the sciences, will con- 


tinue to be one of the most important aspects of the techno- 


loyalties, and practices neces- 
be learned anew by each gen- 


g in modern America must be re- 
l objectives of the elementary school. 
ant goals, a specific kind of democratic 


flected in the educationa 
To achieve these import: 
education is required, 


The curriculum design adopted by the school system con- 
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trols the crucial decisions involved in selecting objectives, de- 
termining learning activities for children, and evaluating the 
total instructional program. There have been at least three 
basic approaches to curriculum organization for the elementary 
school: (1) subject-centered, (2) society-centered, (3) child- 
centered. The writer cannot be too emphatic in pointing out 
the necessity for achieving a good balance between these three 
approaches, Subject matter, concern for our democratic society, 
and the optimum development of each individual must be 
interwoven into a strong educational program. 

The danger is great that the subject-matter approach to 
curriculum organization will be overemphasized in attempts 
to provide for the new mathematics at the elementary school 
level. In fact, considerable evidence is available to show that 
emphasis upon a strictly “mathematical approach,” introduc- 
tion of new forms of mathematics in many grades, and con- 
tinued stress upon achievement measured by standardized 
tests have already begun to jeopardize some of the new pro- 
grams. The necessity for including new mathematical concepts 
and programs is admittedly very important. The question is, 
how? Certainly not at the expense of other purposes of the 
elementary school! One has only to look at the crowded ele- 
mentary school curriculum to realize that more emphasis upon 
subject matter will not further the purposes of general edu- 
cation. “Queen of the sciences, indeed!” Mathematics is 
well established in the elementary school program while sci- 
ence has been neglected. In fact, no other basic school subject 
has as insecure a standing as the elementary science program. 

The research findings reported in this book have shown 
that learning mathematical concepts proceeds best when the 
pupil understands each new aspect. He must be able to ex- 
amine the parts, reorganize or reassemble these parts into a 
meaningful whole or see their interrelationships, and from these 
experiences derive appropriate principles or generalizations. 
Along with understanding, the child must be provided with 
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opportunities to use and apply new mathematical concepts, 
thus gaining some idea of their importance and developing 
skill in their application. 

If a child at any grade level cannot understand a new con- 
cept and cannot apply newly learned concepts to the solution 
of problems, either the learning activity has been inadequately 
directed or the new concepts should be deferred until the 
child has gained more experience and maturity. These two 
factors, then, determine what children can learn of the new 
mathematics. 

Placing appropriate emphasis upon subject matter, needs of 
children, and needs of our democratic society must be achieved 
through careful statement of educational objectives and ade- 


quate evaluation of the teaching-learning process so that these 
purposes are advanced, 


Teacher preparation and the new mathematics 


The research data 
the inadequacies of 
ability to und 
cepts. This is 


presented in Chapters II and III point out 
many elementary school teachers in their 
erstand basic mathematical and arithmetical con- 
not surprising since they were taught by a me- 

ch in elementary school and received 
© same type of instruction in methods courses 


examine their own understandi 
arithmetic, 
Recommendations made 


by mathematical organizati 
nizations sug- 
gest at least two years of a mers 


at college Preparatory mathematics, 
consisting of a year of algebra and a year of geometry or the 
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same material in integrated courses and a two-course sequence 
devoted to the structure of the real number system and its 
subsystems. These recommendations should be carefully ex- 
amined in light of the evidence presented in this book. Indi- 
vidual differences among prospective teachers are just as great 
as the differences among the children they are preparing to 
teach. Some high school graduates, having had sound courses 
in algebra, geometry, and the structure of the real number 
system, will not need additional courses in these areas at the 
university level. They may need an advanced course in math- 
ematics emphasizing new mathematical systems and providing 
them with the opportunity to learn appropriate teaching pro- 
cedures at their own pace—a program entirely different from 
one planned for prospective teachers with less mathematical 
background and ability. The basic assumption underlying a 
twelve-semester unit requirement in mathematics for elemen- 
tary school teachers is that this will insure qualified teachers. 
Nothing could be farther from the truth. 

Emphasis must be placed upon insuring that prospective 
teachers understand the basic mathematical concepts they are 
expected to teach children rather than upon requiring addi- 
tional courses or units, it seems to this writer. In achieving this 
end, drastic revisions will have to be made in the teaching 
at college and university levels. Teachers at this level will have 
to be prepared just as carefully as teachers needed in the ele- 
mentary schools. Given well-prepared college or university 
teachers who will present mathematics courses for prospective 
teachers in a meaningful way, we may expect some students to 
complete their preparation largely on their own initiative and 
in one course or two courses at the most. Other students may 
require several courses and prolonged instruction (some of 
which need not be for college credit) to prepare them to teach 
elementary school mathematics in a meaningful way. 

But what about the vast number of elementary school teach- 
ers who have completed their courses in mathematics and who 
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hold a credential to teach in the public schools? Obviously, 
in-service education provided on a cooperative basis by teacher 
education institutions and local school districts must be 
planned. But before spending time on this important program 
for experienced teachers, another much more fundamental 
step must be taken. School systems will have to place as 
much emphasis upon the measurement of pupil understanding 
of mathematical concepts as they are now placing upon achieve- 
ment of basic facts and computational skills. Tests measuring 
pupil understanding (similar to those provided in Chapter 
IV) must be required along with standardized achievement 
tests. Then, and only then, will many classroom teachers begin 
to examine their own understanding of mathematical concepts 


and teach so that children will understand the concepts being 
presented. 


When administrators of public schools accept this recom- 


several innovations to take place in 
] hools with adequate research staff 
instruments which will be used at 


test for pupil understandi 
learning process. 


Relationship of new mathematics to other school subjects 
The historical background for the teaching of arithmetic 


was presented in Chapter I. General conclusions can be made 
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from these historical data. There has been little disagreement 
concerning the extent to which mathematics permeates all 
aspects of the elementary school program. Concepts of time, 
space, quantity, and relationships are dealt with almost every 
day as children pursue their study of social studies, science, 
or even art and music. The usefulness of the mathematical con- 
cepts probably depends, to a large extent, upon the intelligence 
of the pupil, the background he has had with applying math- 
ematics to his studies, and the careful guidance and concern 
of the classroom teacher. 

Considerable disagreement has arisen over the extent to 
which mathematics should be integrated with other elemen- 
tary school subjects. Three points of view were identified in 
the introductory chapter: (1) the complete lack of integration 
—mathematics as a separate discipline; (2) total integration 
through fusion of existing subjects; and (3) the need for syn- 
thesis—the mathematical and the social aspects dealt with in a 
balanced way. 


Emphasis upon subject matter 


One would think that the complete lack of integration, rep- 
resentative of the thinking of most mathematicians in the 
1930's, had been dispelled. However, the writer has a real con- 
cern over the undue emphasis placed upon mathematical sub- 
ject matter in the new programs. In their efforts to purge the 
school program of the heavy emphasis upon social application 
of mathematics, some mathematicians and proponents of the 
new mathematics are advocating too much mathematical 
sophistication. Along with this mathematical orientation has 
come the belief that most new mathematical programs will 
benefit all children. The disregard for individual differences 
and the failure to prepare at least three levels of mathematical 
materials for children is appalling to this writer. What is needed 
is purposeful teaching, by teachers who understand mathe- 
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matics and children, followed by careful evaluation to measure 
the accomplishments and depth of insights of their pupils. 


Achieving a balance between social applications 
and mathematics 


Integration of mathematics with other subjects 


If mathematical conce 
ties in other school sub 
knowledge must be specifi 
inclusion of mathematical knowled, 
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about desirable learning in any elementary school subject 
require planning. 


Contributions of social situations 
to mathematical learnings 


The use of social situations, content from other fields, or 
instructional aids involving social implications in the learning 
of mathematical concepts has often been poorly handled by 
teachers. This has been so because of misconceptions held by 
teachers and because of the dearth of research data on the use 
of social content in the development of mathematical concepts. 
There are, however, important research findings which need 
reporting and implementation in mathematical instruction in 
elementary schools. 

l. The use of a social situation (the amount of concrete 
needed for a new school tennis court) will probably motivate 
junior high school pupils to study the mathematical concepts 
of volume or area. A reason for study and the will to study 
are important and desirable to learning. But the individual 
child must learn the mathematical concept which is part of the 
logical structure of our mathematical program. It is possible 
that too much time may be spent on the social situation and 
not enough time spent on the mathematical. Care must be 
taken in the selection of the social situation so that the social 
and the mathematical concept to be learned fit closely. 

2. Similarly, the use of instructional aids involves problems 
of appropriateness of the aid and the structuring of the child’s 
thinking as he uses the aids. A place-value chart or board is 
indispensable, according to this writer, in the teaching of re- 
grouping in subtraction at the third-grade level. There is some 
evidence to indicate that with the use of a place-value aid 
children will not need to use a crutch ( marking out numerals) 
in beginning subtraction work. Children must, however, be 
able to handle this algorithm mentally. Once having leamed 
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the new step, the aid does not need to be repeatedly used for 
some or even many of the children. As the writer has pointed 
out before in Chapter II, both the verbal language and the 
instructional aid used by the teacher must be appropriate for 
the concept being taught and for the thinking of the child 
doing the learning! 

3. One way to test a child’s understanding of a new mathe- 
matical concept is to ask him to make a social problem using 
the newly learned concept. Translating problem situations into 
their own language or into appropriate mathematical models is 
helpful for children and gives the teacher some indication of 


pupil understanding. Again, the mathematical thinking and 
the ability to do ab 


the manipulation of 


A Point of View on Evaluation 109 


Learning theories and the new mathematics 


The meaningful approach to teaching arithmetic received its 
original impetus from psychologists who were proving the ad- 
vantages of learning with understanding instead of learning 
by isolated drill. The major development during the past quar- 
ter of a century has been the discovery of how this concept of 
meaningful learning applies to arithmetic teaching, 

The leaders of the revolution in mathematics have been 
mathematicians, and the experimental programs they have 
sponsored have been in the direction of greater mathematical 
sophistication. The position held by many of these leaders has 
been that we can teach much more mathematics to pupils of 
any given age than we are now doing. As for learning theories 
developed and extended by leading psychologists, a seemingly 
new term, discovery, has been used to describe or even replace 
the meaningful approach. The contention of ardent supporters 
of the new mathematics has been that with the discovery 
method a pupil learns arithmetic even faster and retains it even 
longer than with the meaningful approach. With few excep- 
tions, the new mathematics programs have been directed to- 
ward the above-average child and even toward homogeneous 
grouping. The provision for individual differences, as the writer 
has pointed out before, has not been a major goal of the sup- 
porters of the new mathematics. What, then, are some ways to 
bring psychologists and mathematicians closer together? What 
can be done to guide and accelerate progress in the new 
mathematics? 

The main purpose of this book has been to supply data 
which will help in the solution of these problems. There is 
ample evidence available to point out the advantages of mean- 
ingful arithmetic. Much progress has been made in identifying 
the concepts, principles, relationships, and generalizations es- 
sental to learning arithmetic. Yet, as the writer has shown, a 
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tremendous gap exists between what is known about learning 
theory and what is being applied in the teaching of arithmetic 
in elementary schools throughout the nation. This writer sug- 
gests a few steps which should be taken immediately if edu- 
cators and mathematicians are going to guide the new mathe- 
matics along constructive lines: 

1. All experimental programs now in progress should have 
well-balanced consultant teams including educational psychol- 
ogists, mathematicians, and curriculum experts to provide guid- 
ance for the preparation of instructional materials and to work 
on the statement of objectives. 

2. Clearly defined objectives should be prepared for each 
new aspect of the new mathematics. These objectives should 
be stated in terms of desired pupil behavior, 

3. Careful attention must be given to the preparation and 
use of techniques which will provide for evaluation of the total 
range of objectives established for each program. 

4, Instructional materials should be prepared for at least 
three learning levels: (1) gifted and advanced pupils, (2) 
the average child, and (3) the slow learner, Then adequate 
experimentation should be provided to see how pupils of vary- 
ing abilities learn the mathematical concepts presented to 
them. Careful evaluation based upon specific objectives must 
be an integral part of this experimentation. 


5. A variety of instructional materials and aids should be 
prepared and tried out, 


by adapting them to their loc: 
step, a consultant team (inclu 


i ding a psychologist, mathema- 
tician, and curriculum expert) 


should be made available to 
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guide the work and to insure appropriate evaluation of the 
results, 

7. A careful distinction should be made between programs 
which are designed to try out and develop instructional ma- 
terials for the elementary schools and projects which are largely 
experimental. While there is much to be gained from experi- 
mental work, and there are many elementary mathematical 
concepts young children can learn, the general effect may be 
to encourage teachers and parents to expect children to master 
too much abstract mathematics. 

The discussion so far should not be construed by the reader 
to mean that the writer is opposed to the work being accom- 
plished by the mathematical revolution now under way. This 
is far from the truth. The writer is highly concerned about 
child growth and development, yet there are precious few of 
the leaders in this area working with the new mathematical 
program. The research evidence on learning theories, develop- 
ment of creative abilities, and problem-solving is respectable 
and growing yearly; yet, few psychologists of national reputa- 
tion have been involved in the preparation of the new arith- 
metic materials. Evaluation techniques have been developed 
and improved over the last two decades, yet most experimental 
programs and regular mathematics programs are woefully 
weak or entirely neglectful of this important area. Just as im- 
portant is that other areas of the elementary school curriculum 
are badly in need of revision (particularly elementary school 
science), and the patterns now being used to “hew” out new 
mathematical programs will be used to make similar revisions 
in other content areas. There is yet time to take a careful look 
at the procedures now being used and to provide the work- 
ing organization for a much more successful approach to cur- 
riculum improvement than we have known to date. With more 
emphasis placed on a desirable design for curriculum improve- 
ment and with valid evaluation procedures carefully applied, 
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the results of the mathematical revolution now under way may 
exceed even the highest expectations of the ardent mathemati- 
cians supporting the newer programs. 


Evaluative instruments for the new mathematics 


The necessity for using desirable evaluation procedures has 
already been discussed in connection with teacher preparation, 
sound learning theory, and appropriate curriculum improve- 
ment. Consideration will now be given to the evaluative process 
within the elementary school classroom. i 

The administrative considerations, discussed earlier in this 
chapter, would direct teachers’ efforts toward evaluation of the 
comprehensive range of objectives. This would constitute an 
important first step. The success or failure of evaluative work, 
however, will be determined by what each teacher does about 
this important process. The suggestions which follow are, ac- 


cording to this writer, necessary for desirable teaching and the 
success of modern mathematical programs: 


1. Teachers should begin working on evaluation by establishing clearly 
defined purposes for fundamental processes which they are expecte 
to teach. Using one or more of the test items provided in this book 
should enable them to test their own understanding of the new con- 

cept as well as their pupils. 

. Evaluative techniques, such as asking a pupil to “say the problem 
aloud as he works it, to demonstrate the meaning of a process wit 
the use of an aid or model, or to make a word problem of his own, 
should be used as new concepts a 


re being taught. 
3. Some record should 
understandii 


is being so, adequate 
ll be dependent upon 
h will show the pup! 


g for new ways to evaluate pupil under- 
x matical concepts introduced into the ele- 
mentary school curriculum. This should enable the teacher to keeP 
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pace with modern developments by constantly testing his own under- 
standing of the new concept as well as to motivate him to use new 
teaching procedures. 


NOTES AND PROBLEMS 


1. A study of the contributions of psychological research to the 
teaching of mathematics was made by Washington University 
in cooperation with the U.S. Office of Education. This project 
culminated in a conference on Psychological Problems and Re- 
search Methods in Mathematics Training, held at Washington 
University May 1-2, 1959. The papers given at the conference 
are contained in a monograph (34). Make a list of the problem 
areas identified by workers on this project. What recommenda- 
tion do you have for carrying out research work in the problem 
areas identified? 


2. Compare the author's list of problem areas with the list identi- 
fied by the conference on psychological problems. What major 
likenesses and differences do you discover? 

3. What steps do you think should be taken to bring about de- 
sirable evaluation procedures for modern mathematical pro- 
grams? 

4, What value do you see in modern research programs dealing 
with the teaching of elementary school mathematics? 

5. Prepare a brief statement of your own point of view toward 
elementary school mathematics. 
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UNIVERSITY OF CALIFORNIA 
Arithmetic Comprehension Test 


Form III - No.l, Grade 3 
W. H. DUTTON 


In the number 358, the 5 is in which place? 


a. ones place 
tens place 

Ce hundreds place 

d. none of these 


The number 23 has: 


a. 3 tens and 2 ones 
b. 4 tens and 3 ones 
@ 2 tens and 3 ones 
d. 2 tens and 4 ones 


In the number 658, how many hundreds are there? 


six hundreds 
b. four hundreds 
C. five hundreds 
d. none of these 


In the number 90, the zero: 


a. doesn't have to be there 
b. means nothing 
G@ohelds the ones place 

+ holds the tens place 


What comes just before sixth when we are counting? 


d. none of these 


When we count, between 11 and 13 we say the number: 


a. 10 
> 12 
+ none of these 


When we add, we are: 


a. taking away 

®© putting together 
ce multiplying 

d. none of these 
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8. This is an addition problem with: ae) 
a. one-place numbers 
b. two-place numbers 
three-place numbers 
+ none of these 


9. Three girls were playing ball. Two boys came to join them. 
How many children were there altogether? Would you: 


a. subtract 
add 
Cc. multiply 
10. The clue to the problem above is: 
a. playing ball 
be how many 
© altogether 


ll. What kind of a problem is this? 


3 
4 
®© addition problem 1 
+ subtraction problem 2 
Ce multiplication problem 
d. none of these 
12. This problem asks you to add: ga 
2 
a. 2 two-place numbers 


b. 2 one-place numbers 
a one-place number and a t 
+ a one-place number and a tl 


13. In the problem 
+ 


‘WO=place number 
hree-place number 


i » what number is carried? 


a. l one 
b. 2 ones 
1 ten 

+ None of these 


14. When we subtract, we are: 


A. putting together 
taking apart 
C. multiplying 
d. none of these 
15. 87 To subtract in this Problem, 


we must: 


a. make the 7 
b. make the 1 


Bee O A 


124 


16. 


17. 


18. 


19. 


20. 


ai. 


22, 


fe To subtract in this problem, we must: 


© make the 2 onts larger 
+ make the 7 ones larger 
C. make the 1 ten larger 
d. none of these 


Seven children were playing together. Two children had to go 
home. How many children were left? Would you: 


subtract 
b. add 
c. multiply 


The clue to the problem above is: 


a. playing together 
b. at the playground 
©) how many were left 


48 To subtract in this problem, we must: 


a. carry 
(CP) regroup the A tens 

Ce regroup the ten 3 

d. aberant without doing anything else first 


When two seals fell into 


Eight seals were playing on a rock. 
the water, how many remained on the rock? 
Would you: The clue is: 
d. seals were playing 
E malty how many remained 
© subtract . on the rock 
2 
The colored part of the circle is what part of the circle? 
ael 
2 
@i 
h 
ce l 
F 
d. none of these 
2 
The colored part of this box is what part of the box? 


a. 


a: 
2 
b. i 
@1 
3 
d. none of these 
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23. 


2he 


25. 


26. 


27. 


28. 


29. 


The colored part of this box is what part of the box? 
ae 
b. 
©} 


d. none of these 


Lee eat Laa 


The hands on this clock form what part of the clock face 
circle (colored in)? 


d. none of these 
The time on this clock is: 


@) 10 o'clock 
be 4 o'clock 
cC. 6 o'clock 
d. none of these 


When the short han 


d of the clock is between the seven and the 
eight; and the lon, 


g hand is on the six, what time is it? 


a. seven o'clock 
bs eight o'clock 
half past seven 
+ half past eight 


This is a picture of a: 


a. square 
triangle 

C. circle 

d. none of these 


A quart is: 


@) more than a pint 
be less than a pint 
C. the same as a pint 
d. none of these 


Which is longest? 


(EP) mile 
b. yard 
Ce inch 
d. foot 
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30. 


31. 


32. 


33. 


34. 


IV in Roman numerals is the same as: 


a. 3 
b. 10 
C> 9 
© 4 


XII in Roman numerals is the same as: 


November comes in which season of the year? 


a. spring 

autumn 
Ce winter 
d. summer 


This sign means dollars: 
$ 

P? 

Ce * 

d. none of these 


Three dimes and 4 cents are how many cents? 


a. 45 cents 
b. 64 cents 
34 cents 
+ none of these 
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Arithmetic Comprehension Test 
Form 18 Grade 4 


W. H. Dutton 


University of California 


Instructions to pupils: This test will show how well you under- 


stand arithmetic. Answer all items. Usually there is one best 


answer. Place the letter representing the correct choice of an- 


swers on the answer sheet. 


PLEASE DO NOT MARK ON THIS TEST. 


Sample exercise: The shortest time is: 


l. The most money is: 


a. 75 cents 


50 nickels 
c. 10 dimes 
d. 2 quarters 
2. The answer to the PROBLE ka is called: 
li 
a. product 52 
sum 


C. remainder 
d. quotient 


3. In the number 90, the zero: 
a. doesn't have to be there 
b. means nothing 
holds the one's place 
+ none of these 
4. The oldest kitten is: 


a. 25 days old 
b. 1 month old 


& feroa 


5. The most money is: 
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6. When writing money, the two places to the right of the deci- 
mal are: 


a. fractions 
cents 

T. zeroes 

d. dollars 


7. Dozen means: 


a. a trio 

b. a pair 
twelve 

. to count 


8. 4 of these 00 
00 


9. Seven million, eight hundred four thousand forty five is writ- 
ten: 


+ 7,840,045 
de 7,800,045 "O 
are: 
10. When writing money, the numbers to the left of the decima 
a. answers 
bs cents 
C, signs 
dollars 


ll. The longest time is: 
a. month 
year 
C. week 
d. second 
12. The most weight is: 
a ton 
D. an ounce 
C. a load 
d. a pound 
13. Perimeter means: 
a. distance across any surface 
b. surface of anything tside of any surface 


distance around the ow 
2 the total distance of two surfaces 


ae 
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14. Temperature is measured in: 


a. pounds 

degrees 
C. hours 
d. days 


15. Eighths mean: 


a. equal parts of any number 
b. some equal parts of a whole 
C, six and two 


eight equal parts 


16. Look at the ruler. 


What part of an inch is shown by the mark 
under the B? 


B is at: 
- 2 inches 
(>) è inch 

C. 3 inches 
d. 1} inches 


17. The largest measure is: 


a. half gallon 
a gallon 

Č. a quart 

d. a pint 


18. Look at the ruler. Vhat 


under the A? Bart of an inch is shown with the line 


A is at: 

a. l inch 

be 1 inch 
we 


@} inch 
d. 3 inch 
q 


19. This line is cut into: 


a. halves is 
b. fifths 

Ce fourths 

thirds 
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20. Look at the two lines below. What part is the t $ 
bottom line? p Op SNe Ob the 


a. l of the bottom line 


1 of the bottom line 


a 
ce i of the bottom line 
d. į of the bottom line 


2l. Look at the squares. The shaded part of square A is: 


equal to the shaded part of square B 
b. more than the shaded part of square B 
c. half of the shaded part of square B 
d. Twice the shaded part of square B 


22. look at the Roman Numeral IX. The I before the X means: 


a. X plus one 
(©. X minus one 
Ce X times one 
d. X divided by one 


23. Look at the Roman Numeral VI. The V before the I means: 


times one 
divided by one 


5 
5 
s 5 minus one 
5 plus one 


2h. Look at the Roman Numeral XX. The XX means: 


25. In the problem 40 the missing number is found by: 
Th” 


a. dividing 
b. adding 

c. multiplying 
@) subtracting 


26. The answer to the problem $1.40 will be: 


-1. 


a. dollars 
b, zeroes 
cents 
+ dollars and cents 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


To check a multiplication problem: 


a. add the product to the number multiplied 
b. multiply the product by the multiplier 
divide the product by the multiplier 
+ none of these 


When the short hand of a clock is between the seven and the 
eight, and the long hand is on the six, what time is it? 


a. seven o'clock 
b. eight o'clock 
half past seven 
- half past eight 


When multiplying the problem 385, we say: 
X_5 


a. 5 times 5 ones are 25 ones and write 25 in the one’s place 
b. 5 times 5 ones are 25 tens and we carry 2 hundreds 

C, 5 times 5 ones are 25 hundreds and we carry 2 ones 

®© times 5 ones are 25 ones and we carry 2 tens 


When dividing the problem 4/16, we think: 


a. divide 1 by four 

1 ten will not divide into 4 equal groups of ten 
C. what number subtracted from 16 equals four 
d. sixteen is to be multiplied by 4 


This problem 7/21 means: 


21 is to be divided into 7 equal groups 

b. 7 is to be divided into 21 equal groups 

C. 21 is to be divided into three equal groups 
d. 21 times seven 


Reena 


Look at the place-value chart. What number does the chart show? 


Hundreds Tens Ones 
Fa FA EAE 


Look at the place-value chart. To take 2 ones from the 1 one 
you must: 


Hundreds Tens Ones 
EA l i Ea 
a. take the one to 


the tens place 

b, cannot do it in any way 
take a ten from tens place and regroup 
+ take a hundred from hundreds place 
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34. One is how many times as large as .001? 
(a) 10 @) 1,000 (c) 100 (d) 10,000 
35. In $.10%, what does the 4 mean? 


Gg) nas of one cent (b) five cents (c) eleven cents 
d) none of these 


36. Two hollow tubes have exactly the same inner radius. Their 
volumes will be: 


a. the same 

will vary directly as their lengths 
C. will vary inversely as their lengths 
d. equal to the radius plus the length 
e. none of the above 


37. Why is the decimal point placed after the 3? 


a. keep the decimal point ina straight line 

b. six places divided by 3 = 2 places 

© hundredths added to hundredths point off hundredths 
+ none of these 


38. Why is the decimal point placed before the 6? 1.25 
r 

@) tenths times hundredths = thousandths . 

D. counting all decimal places you get three 7 


C. you are multiplying by .50, so keep the decimal 
point in a straight line 
d. none of these 


39. A sixth grade class used 3 reams of paper per month. I£ 
there are 30 pupils in the class, what is the approximate 
average number of pieces of paper used by each pupil each 
month? 


(a) 60 (b) 120 (c) 30 @) 50 (e) none of these 
LO. 2X14 = (a) 1 (b) 2@)3 (a) 4 


4l. $31 would be: (a5 OA (el 6. (d) none of these 


42. Bill takes 200 pieces of candy froma box that holds 200 
pieces. What per cent did he take? 


(a) 400% (b) 200% (€) 100% (a) 50% 


43. Place the answers to the problems below on the ruler shown on 
the answer sheet. 
a. at 2.5, in. put an X 
b. at 1.75 in. put an 0 
c. at .75 in. plus .50 in, put a Vv 


44. One-half times one-half (a) KOE (c) 2 (d) 2 


O + E E | 
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45. 


46. 


In 


working the problem below, which step needs to be taken 


solve the problem? 


3 hr. 40 min. 10 sec. 


- lhr. 50 m 12 sec. 


regroup seconds and minutes 

add all elements and subtract 

change all factors to hours and subtract 
regroup hours, minutes, seconds 

none of these 


which of the following would area in measurement be used? 


the shape of a ball 

the height of a ceiling 

the length of a football field 
the size of a floor 

none of these 


— 
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Arithmetic Comprehension Test W. H. Dutton 
Form IB Grade 4 4-60 University of California 


l. Please print 
2 each answer 


3. School 


6.12345 


8. j low high 


47. 
22, 48. 


2. Age Yrs. Mo.__ 
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Arithmetic Comprehension Test W. H. Dutton 
Form I A, Grade 5 University of California 


Instructions to pupils: This is an arithmetic test used to dis- 
cover how well you understand arithmetic. Answer all items. 
work as fast as you can without making mistakes. Your teacher 
may pronounce words or read a test item for you. 


Place your choice of answ 


ers on the answer sheet. 
the test booklet. 


Do not mark on 


l. Round off 204,660 to the nearest thousand. 
a. 200,000 
b. 200,400 
Ce 204,000 
@ 205,000 


2. Which number is larger than 3.046? 


“hich number is less than 1.0207 
a. 1.035 
b 
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7. Three boys received $1.80 for working on a lady's yard. How 
much was each boy's equal share? 


- $.90 

3.60 
C. $.65 
d. $.75 


8. Mr. Jones spends $12.25 a month for gasoline. How much does 
he spend in one-half year? 


a. $75.00 

73.50 
© 1:0 
d. $72.80 


9. Two and one-half subtracted from four and one-half will equal: 


a. two and one-half 
b. one-half 
C. six and one-half 


two 
10. To reduce fractions to lowest terms we: 


a. divide the numerator by the denominator 

b. divide the denominator by the numerator 

divide the numerator and denominator by a common divisor 
q. all of these 


ll. In the problem 3 + 4g we: 


a. add the fractions first 

b. add the whole numbers first 

C. add the fractions but do not change them 

@) add the fractions and carry the whole to the one's column 
è. do both a and d 


shaded? 


12. Look at the boxes. Which one shows 


a. box 1 
box 2 
C. box 3 
d. all of them 


13. Three-thirds plus four-fourths is: 
a. seven-sevenths 
2 
+ 77 
14. In the number 7,404, the 4 on the left is what relation in 
value to the 4 on the right ? 


© 100 times larger 
+ 10 times larger 


ge 4,000 times larger 
TOO of it 
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15. 


16. 


17. 


18, 


19. 


20. 


21. 


22. 


In the number 86,469, the 6 on the right is what relation to 
the 6 on the left? 


Sh 


b. 100 times larger 
Cs È 


d. 10 times larger 


Look at the sample problem. What does the 208 mean? 
Two thousand eighty 34/5482 
D. two thousand eight 4 


C. two hundred eight 
d. none of these 


Look at the Roman Numeral IX. The I means: 
X plus one 

X times one 
X 
Xx 


minus one 
divided by one 


Look at the Roman Numeral VI. The V means: 
© 5 plus one 
+ 5 times one 
5 divided by one 
d. 5 minus one 


To multiply five by eight is to: 
as increase five by eight 


be add five eights 
c. increase five by thirteen 


@ add eight fives 


One dime and what coin equal 15 cents? 


a. dime 
b. quarter 
nickel 
. penny 


The base of our Arabic number System is: 
ael 


Hal had 24 pencils. He broke 7. 


How many were not b oken? 
What should you do to y 5 


find the answer? 
a, add 
subtract 
Ce multiply 
d. divide 


] 
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23. 


2k. 


26. 


27. 


28. 


There were 8 rows of desks in a room with 5 desks in each row. 
How many children could sit in the room if each sat in one 
desk? How would you find the answer? 


a. add 
subtract 
multiply 

- divide 


John had 40 pieces of candy and wanted to give each of his 5 
friends an equal number. How many did each friend get? How 
would you find the answer? 


a. add 

b. subtract 

c. multiply 
divide 


In the multiplication example given below, the error is due to: 


© panyina A 
+ adding 
c. multiplying Ti 


d. place of zero 
7,578 


In the division example given below, the quotient will begin 
in what column? 
a. tens 

hundreds 40/35780 


C. thousands 
d. ten thousands 


Jimmy had a job mowing lawns so that he had quite a bit of 
money every week, The diagram shows how he spent it. For 
which item does he use half of his money? 


$1. 25 for 
cafeteria 
lunches 


a. money saved to repair his bicycle tire 
money used for cafeteria lunches 

T. money saved for the school bank 

d. money spent for marbles and candy 


Jimmy's bike has a speedometer which So mea an tenths 
of miles. It looks like the drawing at e right. [O27 FB 


[030 Eo} 


How far will he ride before the speedometer reads 


about 2 miles 

b. less than 2 miles 
Ce two-tenths of a mile 
d. twenty miles 
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29. 


30. 


31. 


32. 


33. 


3he 


The number .10 means: - 


a. we have 10 pieces of the whole 
b. it takes 10 pieces to make a whole 
©) -10 is equal to 1 


d. none of these 
In the number 3.68: 


a. six is in the hundredths column 
six is in the tenths column 

C. six is in the one's column 

d. six is equal to six hundreds 


In the problem 3.1: 
z5 
Aa. we cannot work problem because .5 is more than +l 
we change the 3 to a 2 and add 10 tenths to l making 11 
tenths in all 
c. forget the decimals and take 5 from 31 
d. none of these answers are correct 
5.5 is equal to: 


a. five and five hundredths 
b. five and five tenths 
C. five and one-half 


both b and c 


e. none of these 


Mark kept a bar graph of his 


grades in multiplica- 
tion tests. What day did he m 


ake the best grade? 


a. October 4 Arithmetic Grades, 


100 
b. October 11 90 
Ce October 18 80 
(@) October 25 70 Y 

60 

alli 

40 G 

30 G 

20 Y 

10 [ÆN 
We are getting memberships for P.T.A. 4 ieee 
at our school. Our class has the most 


memberships. Who has the least? 


a. Miss Barnes! room 

b. Miss Cole's room 
Mrs. Miller's room 

» Miss Taylor's room 


Miss Taylor 


0 25 50 75 100 
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35. 


36. 


37. 


38. 


39. 


40, 


41. 


Betty's mother kept a chart of Betty's 
height as she entered each grade. Be- 
tween what grades did she grow the most? 


a. between 2nd and 3rd grade 
b. between 3rd and 4th grade 
between 4th and 5th grade 

+ between 5th and 6th grade 


inches 


60 
iK L 
2, 2! 3S te i677. 
grade in school 


In finding the area of a checkerboard, which of these would 
you do? 


a. count the blocks across the bottom and top 

b. count the blocks uv both sides, left and right 

cC, count the blocks across the top and down one side 
(Qe) count all of the blocks on the board 


In order to decide how long a piece of wrapping paper to cut 
to cover a gift box completely, would you measure for the: 


perimeter 


area 
c. length 
d. width 


For which of these must you find the perimeter in solving a 
problem? 


- covering a floor with linoleum 
making a picture frame 

C. painting a floor 

d. covering the top of a table 


How many square inches are there in 4 square foot? 


a. 45 
b. 63 
Ce 5h 
@ 72 


Ann poured the fudge she had made into 
it was cool, she cut the fudge into l-inch squares. 


pieces were there? 


an 8" x,12" pan. When 
How many 


To find out what time a plane is leaving for New York it would 
be best to look at: 


a. a time gauge 
b. a stop watch 
cC. an hour glass 
d. a sun dial 
®© a timetable 
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42. 


43. 


hha 


45. 


If it was 9 a.m. in Los Angeles, and there are four time belts 


in the United States, how would you find out the time in New 
York? 


a. add 4 hours 
b, subtract 3 hours 


© add 3 hours 
+ change hours to minutes 


In order to determine the number of hours when adding 4 hours, 
2 hours and 25 minutes, 45 minutes, you would first: 


a. add both of these 

be change hours and minutes 

© change minutes to hours 
+ change hours to minutes 


The symbol 70° means: 


a. add 70 
b. square 70 


© 70 degrees 
+ 700 


Which step needs to be taken to solve the problem shown below? 


4 hr. 20 min. 10 sec. 


z= l hr. 30 min. 12 sec. 


a. change seconds and minutes and subtract 
+ add all elements and subtract 
© change hours, minutes, seconds and subtract 
+ change all factors to hours and subtract 
e. none of these 
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Arithmetic Comprehension Test By w 

n y W. H. Dutton 
Form Ic Grade p University of California 
Instructions to students: This test will show how well you under- 
stand arithmetic. Answer all items. Usually one best answer is 
asked for. However, a few questions ask for the selection of se- 
veral correct answers. 


DO NOT MARK ON THIS TEST. Place yourgapswers: on the answer sheet. 


1. How many hundreds are in 160? (a) 0 @) 1 (c) 6 (d) 16 (e) 60 
2. Which number has a 5 in the thousands place? 

(a) 3605 Œ) 5523 (c) 4505 (d) 6555 (e) 7454 
3. Round off 10,660 to the nearest thousand. 

(a) 10,000 (b) 10,500 (c) 10,600 (@) 11,000 (e) 10,700 


4. When adding the problem shown, we think 4 and 7 are 11. | 267 
We write the one and carry one. What is the number 128k 
we are carrying? 


(a) 1 (b) 10 tens (c) 11 @2 ten (e) none of these 


5. Subtracting 36 from 424, we cannot subtract 6 from 4 without 
regrouping. (Sometimes called borrowing.) What is the num- 
ber borrowed? 


@)) 1 ten (b) 20 tens (c) 10 tens (d) 14 (e) 1 
6. In the number (4,267,917,811) the numbers 267 stand for: 


a. 2 hundreds, 6 tens, 7 ones 

b. 2 thousands, 6 hundreds, 7 tens 

S 2 hundred million, 6 ten millions, 7 millions 
+ 2 billion, 60 millions, 7 thousands 

e. none of these 


The daily amount of milk obtained 


cow and 4 gallons and 1 
tia v olin can be filled from each 


7. A farm boy milks two cows. 
is 5 gallons and 1 quart f 
quart from the other. How many 
day's total milk supply? 


(a) 39 pints (b) 22 pints © 76 pints (d) 156 pints (e) 78 pints 


8. In the problem shown at the right, the number 1284 is best art 
explained as being the product of: x 
~ 
a. 600 X 214 1284 
@) 60 X 214 642 
Ce 6 X 214 78,110 


d. 6 X 214 without a zero added 
e. none of these 
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9. 


10. 


ll. 


12. 


13. 


14. 


5 
What does the remainder mean? 4y22 


20 
MZ 


a. two-fourths; two of the units of the dividend left over. 
b. two-fourths; two of the 4 units of the divisor. 


©) two; two of the 22 units left over after subtracting b 
from 22 five times. 


d. two; it is the fractional part of the dividend. 
To multiply six by fifteen is to: 


a. increase six by fifteen 
be add six fifteens 


. increase six by ten times fifteen 
6 add fifteen sixes 


In solving the subtraction problem, the best answer would be: 


+109 +265 
2019 = +256 
+09 

+009 


e. none of these 


What does the circled zero mean? 
“10.000 
a. ten thousands 
b. no ten thousands 
@ no thousands 
+ no ten hundreds 


Using air transportation, you can leave Los Angeles at 10:00 
A.M. (PST) and arrive in New York City at 10:00 F.M. (EST). 


How many hours would you be in the airplane? REMEMBER TO 
USE THE TIME ZONES. 


a. 12 hours 
b. 8 hours 
C, 10 hours 
9 hours 
e. 15 hours 


Explain WHY moving the decimal point does not change the answer: 


25 . or . . s 
TIES 3G 
a. dividing by a decimal you move th 
divisor and dividend á Secu eotat) a Shs 
b. you cannot divide by a decima 
C. when you move the decimal to 


e of places in th 
you really multiply p vae dividend 


the dividend th me 
number and do not change relationships vIdeHHN EY Be 


144 


15. Division may be regarded as repeated subtraction with the 
quotient counting the number of times the divisor can be 
subtracted from the dividend. With this approach to division, 
WHY is the 3 in the quotient placed above the 4 in the divi- 
dend? t= 

JILL 
a. 4 is the last number used in the dividend 12 
b. the 4 indicates hundreds 
© the quotient number must be in tens 
the quotient number must be in ones 
. answer is not given 


16. Which example has a 5 in the hundredths place? 
(a) .0450 (@) .0513 (c) .5325 (d) 0045 
17. Which number is less than 2.02? 
(a) 2.035 (b) 2.1 (c) 2.039 @) 2-014 
18. Which number is larger than 2.04? 
(a) 2.035 (b) 2.039 (Ç) 2-1 (a) 2.014 
19. The base of our number system is: 
(a) per cent (b) zero (c) units (a) ten (e) one 
20. What number is the same as ten and one tenth? 
(a) 100.10 (b) 1.10 Ge) 10.10 (a) 10.01 


21. To understand multiplication of fractions one must see that 4 
is: 


a. 16 
©) one-half as much as 1 X 8 
C. both a and b 


d. bà 
e. none of these 


22. Show the division by marking the circles on the answer sheet. 


BOs Ore 


23. Which shaded figure shows one-half of one-third? 


2 == (e) | 


2h. What part of the rectangle is shaded? 


@) 0-4 (b) 4.0 (c) 0.6 (a) 0% 


(a) 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


To find the perimeter of the rectangle shown: 


a. multiply 2" X 6" a 
b, divide 6" x 2" R an 
add both sides and both ends 
ng none of these 6" 


Which of the following are uses of zero? 


a. a placeholder 

b. a point of origin 
to show not any 
By 0G, e 

č. a, b 


What proportion of the total number of circles is in each group? 


(a) 2@z te) § (a) 20 26 OO 


When the numerator and denominator of a fraction are the same, 
the value of the fraction is: 


a. greater than 1 

b, less than 1 
equal to 1 

+ either 1 or 2 

e. none of these 


Show how the division is made for the problem below by mark- 
ing the circles or shading the circles on the answer sheet. 


ee © © ey q F 
How many pounds are in a ton? 


(a) 1,000 2,000 (c) 3,000 (d) 100 (e) 1,500 


If you had two gross of pencils, how many dozen would you have? 


(a) 164 @) 24 (c) 12 (d)8% (e) none of these 


As the numerator of a fract 
remains the same, 


decreases 

b. increases 

C. remains same 
d. approaches one 


ion decreases and the denominator 
the value of the fraction: 


A figure with an area of 8 square inches means: 


8 squares of one square inch could be put inside it 
the square could be cut into a strip 8 inches long 

C. the sum of the length of the sides is 8 inches 

d. it would take 64 cubes to fill up the square 
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34. In the number 425 the number 2 is in: 
a. one’s place 
b. thousand’s place 
tens place 
> hundred’s place 


35. In adding the problem 6 the number 15 is: 
9 
6: 
a. the sum 
b. the answer 
+ the product 
rc) the unseen number (we think) 
36. Twenty-seven and six more means: of 
+ 
a, add 13 and 2 
(©) add 13 and 20 
T. add 13 and 8 
d. add 42 and 12 
37. A peanut butter sandwich weighs about: 
s 3 lbs. 
4 oz. 
Ce 2 T. 
d. 2 qts. 
38. Look at the example: 
John Mary Sue Hal Tommy 
Who got the most words right? 
@.) John 
De Mary 
e. Hal 
d. Tommy 
39. How many words did Mary get right? 
a. 10 
be 20 
© 15 
2 5 
40. The picture shown in number 38 is called: 


a. a word picture 
b. a spelling test 
a bar graph 
> an arithmetic picture 
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4l. 


42. 


43. 


Ake 


45. 


46. 


47. 


48, 


Look at the problem 82. To subtract this problen, we must: 


make the 2 ones larger 

make the 1 ten larger 
make the 5 ones larger 
+ none of these 


or 
Tell what the answer means in the problem shown. af 


a. 1 left over a 


b. did not finish dividing 
9 groups of 5 and 1 left over 
+ add 5,9,1 


To check a division problem: 


a. divide the quotient by the number divided 
b, multiply the quotient by the number divided 
© multiply the quotient by the divisor 

+ divide the quotient by the divisor 


In the problem 465 we are subtracting: 
3 


a, 2 ones from 6 tens 

2 tens from 6 tens 
€. 2 hundreds from 6 hundreds 
d. 2 ones from 6 ones 


In the problem PT we think: 
+ 


6 ones and 7 ones are 13 tens, carry three ones 

6 ones and 7 ones are 13 ones, write 13 in one's place 
ones and 7 ones are 13 ones, carry 1 one 

6 ones and 7 ones are 13 ones, carry 1 ten 


In the problem 480 we think: 
LS 


a 
b 
c 


3 @ ee 


the problem 2000 the first thing to do is: 
1465 


a. change the sign 


b. write zero in each place you cannot subtract 
regroup each place in 2000 


+ add in the one's, tens, and hundreds place 


In multiplying the problem 20201 the answer would be written: 
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